Mathematica 11.3 Integration Test Results

Test results for the 594 problems in "4.1.7 (d trig)*m (a+b (c
sin)An)*p.m"

Problem 40: Result more than twice size of optimal antiderivative.

J Csc[c+dx]?

a-aSin[c+dx]?

dx

Optimal (type 3, 58 leaves, 5 steps):
3ArcTanh[Cos[c+dXx]] 3Sec[c+dx] Csc[c+dx]%2Sec[c+dx]
_ 4 _
2ad 2ad 2ad

Result (type 3, 146 leaves):

[Csc[c+dx}4 (2—6Cos[2 (c+dx)] +2Cos[3 (c+dx)]+

3cos[3 (¢ +dx) | Log[Cos| - (c+dx)]] ~3cos[3 (+dx)] Log[sin[ ~ (erdx)]]
~2-3tog[cos| - (c+dx)]] +3Log[sin[ ~ (c+dx)]] ||| /
22d[cse[ (e rdx)]"sec| - (coax) |||

Cos[c+dx]

Problem 41: Result more than twice size of optimal antiderivative.

Csc[c+dx]?
J dx

a-aSin[c+dx]?

Optimal (type 3, 82leaves, 6 steps):
15 ArcTanh[Cos[c+dx]] 15Sec[c +dX]
- +

8ad 8ad
5Csc[c+dx]2Sec[c+dx] Csc[c+dx]*Sec[c+dx]
8ad 4ad

Result (type 3, 194 leaves):
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1 _7Csc[§ (c+dx)]2_Csc[§ <c+dx)]4_15Log[Cos[% (c+dx)]] )

a 32d 64d 8d

15Log{Sin[% (c+dx)]] +7Sec[% (c+dx”2+5ec{% (C+dXH4+

8d 32d 64d
Sin[i(c+dx” Sin[i(c+dx)]
1 1

. H(crdx)])

d (Cos[i (c+dx)] —Sin[2 (c+dx)” d (Cos[i (c+dx)] +sin]

Problem 54: Result more than twice size of optimal antiderivative.

Csc[c+dx]3
J dx
(a—aSin[c+dx]2)2

Optimal (type 3, 78leaves, 6 steps):

5ArcTanh[Cos[c+dXx]] 5Sec[c+dx] 5Sec[c+dx]3 Csc[c+dx]%2Sec[c+dx]3
- + +

2 a%d 2a%d 6a%d 2a%d

Result (type 3, 208 leaves):
1

2Csc[c+dx]®

3a2d (Csc[% (c+dx)]2—Sec[% (c+dx)]2)3
(22749(:05[2 (c+dx)] +13Cos[3 (c+dx)] -30Cos[4 (c+dx)]|+13Cos[5 (c+dx) ]+
15Cos[3 (c+dx) | Log[Cos[% (c+dx)]]+15Cos[5 (c+dx) ] Log[Cos[% (c+dx)]]-
15 Cos[3 (c+dx) | Log[Sin{1 (c+dx)]]-15Cos[5 (c+dx)] Log[Sin[% (c+dx)]]+

2
Cos[c+dx] 726—30Log[Cos[§ (c+dx)]] +30Log[Sin[§ <c+dx)H)]

Problem 66: Result more than twice size of optimal antiderivative.

JCsc[c+dx} (a+bsin[c+dx]?) dx

Optimal (type 3, 26 leaves, 2 steps):
aArcTanh[Cos[c+dx]] bCos[c+dXx]
d d

Result (type 3, 63 leaves):

_bCos[c] Cos[dx] alog[Cos[$+ <X ]] +aL°8[Si”[§+d7XH _ bsin[c] sin[dx]

d d d d
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Problem 67: Result more than twice size of optimal antiderivative.

JCsc[c+dx]3 (a+bsin[c+dx]?) dx

Optimal (type 3, 40leaves, 2 steps):
(a +2 b) ArcTanh[Cos[c+dXx]] aCot[c+dx] Csc[c+dxX]

2d 2d

Result (type 3, 118leaves):

aCsc[i (c+dx”2_ bLog[Cos[§+d7"H aLog[Cos[i (c+dx)]]

- +

8d d 2d
bLog[Sin[§+d7X]] ) aLog[Sin[% (c+dx)]] ) aSec[% (c+dx)]2
d 2d 8d

Problem 76: Result unnecessarily involves imaginary or complex numbers.

J(a + bSin[x]Z)3 dx

Optimal (type 3, 87 leaves, 2 steps):

= (2a+b) (8a®+8ab+5b?) x- b (64a%+54ab+15b%) Cos[x] Sin[x] -
16 48

ib2 (2a+b) Cos[x] Sin[x]>- leos[x] Sin[x] (a+bS.in[x}2)2
24 6

Result (type 3, 80leaves):

(12 (2a+b] (8a2+8ab+5b%) x+

192

9ib (4ia+ (1+2i)b) (4a+ (2+1)b)Sin[2x] +9b* (2a+b) Sin[4x] -b>Sin[6x])

Problem 78: Result unnecessarily involves imaginary or complex numbers.

Sin[c+dx]’
J ax

a+bSin[c+dx]?

Optimal (type 3, 106 leaves, 4 steps):

3 /b Cos[c+dx
aAr‘cTanh[ Jarb } (azfab+b2)Cos[c+dx] (afzb)Cos[c+dx}3 Cos[c+dx]®

b7/2/a+b d b3 d 3b2d 5bd

Result (type 3, 1801leaves):
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\/F—Ji\/?Tan[% (c+dx)]
-240 a* ArcTan | | -
N-a-b
\/FH’L\/?Tan[% (c+dx)]

Va b

240 a® ArcTan |

| -2+/-a-b Vb Cos[c+dx] (120a*-100ab +

89b?+4 (5a-7b) bCos[2 (c+dx)|+3b*Cos[4 (c+dx)]) /(249\/7afb b7/2d)

Problem 79: Result unnecessarily involves imaginary or complex numbers.
J Sin[c+dx]®

a+bSin[c+dx]?

dx

Optimal (type 3, 77 leaves, 4 steps):
a% ArcTanh | M]

Jab (a-b) Cos[c+dx] Cos[c+dx]3
+ +
bS2~/a+b d b>d 3bd
Result (type 3, 150 leaves):
1
6+-a-b b%2d

Vb -iva Tan[% (c+dx) ]| Vb +i+a Tan[% (c+dx) ]|
2 }+6a2Ar‘cTan[ 2 ]+

6 a? ArcTan|

V-a-b Vb Cos[c+dx] (6a-5b+bCos[2 (c+dx)])

Problem 80: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[c+dx]3
J dx

a+bSin[c+dx]?

Optimal (type 3, 52 leaves, 3 steps):

Vb Cos[c+dx
a ArcTanh [ — } Cos[c+dx]

b*2+/a+b d bd
Result (type 3, 125leaves):
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1 \/F—Ji\/?Tan[l(c+dxH
- ——————|aArcTan]| 2 |+
V-a-b b¥2d V-a-b
\/FHi\/?Tan[% (c+dx) ]

Va b

aArcTan|

| +V-a-b /b Cos[c+dx]

Problem 81: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sinf[c +dx] dx

a+bSin[c+dx]?

Optimal (type 3, 37 leaves, 2 steps):

Ar‘cTanh[L;Lb Cv‘%*dx ]
a+

Vb Va+b d

Result (type 3, 97 leaves):

\/F—i\/a_Tan[é(udx)] } +Ar‘cTan[\/F+j\/?Tan[§ (c+dx)} ]
\-a-b -a-b

v -a-b /b d

ArcTan |

Problem 82: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csc[c+dx]
J ax
a+bSin[c+dx]?

Optimal (type 3, 55leaves, 4 steps):

b ArcTanh 1/b Cos[c+dx
+\/— rcTanh | e ]

ad ava+b d
Result (type 3, 143 leaves):

\/F ArcTan [ \/Ffj\/?Tan{; (c+d x)} ]

ArcTanh[Cos[c +dXx]]

1 -a-b
-— +
ad Ny
\/FAr‘cTan[x/FQ\/?Tan[;(udx)}] . .
b +Log[Cos[~ (c+dx)]|] -Log[sin[= (c+dx)]]
Ny 2 2

Problem 83: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

Csc[c+dx]?
J dx

a+bSin[c+dx]?

Optimal (type 3, 85leaves, 5steps):

3/2 /b Cos[c+dx
(a-2b) ArcTanh[Cos[c+dx]] b*'2 ArcTanh | +b ] Cot[c+dx] Csclc+dx]

2a2d azf\/a_'_bd 2ad
Result (type 3, 224 leaves):

W—J’l\/;Tan[% (c+dx)]

(2a+b—bCos[2 (c+dx>]) Csc[c+dx]? |-8b*2ArcTan|

] -

N
\/FJrJi\/?Tan[l (c+dx)]
8 b3/ ArcTan | 2 | +V-a-b
N
[aCsc[% (c+dx>]2+4 (a-2b) (Log[Cos[% (c+dx)]] —Log[Sin[% (c+dx)]]|-

aSec[% (c+dx)]2)

]/ (16a2\/—a—b d <b+aCsc[c+dx12))J

Problem 84: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csc[c+dXx]?
J dx

a+bSin[c+dx]?

Optimal (type 3, 125leaves, 6 steps):
b5/2 ArcTanh [ m]

a+b

(3a?-4ab+8b?) ArcTanh[Cos[c +dx]]

- +
ga’d a*va+b d
(3a-4b) Cot[c+dx] Csc[c+dx] Cot[c+dx] Csc[c+dx]3
8a%d 4ad

Result (type 3, 657 leaves):
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Sec[% (c+dx)] (\/FCOS[% (c+dx)] —Ji\/?Sin[% (c+dx)])
V-a-b

b*/2 ArcTan |

]

(-2a-b+bCos[2 (c+dx)]) Csc[c+dx]?

/(2a3\/—a—b d (b+aCsc[c+dx]2)) +

SQCE (c+dx)] (WCOSE (c+dx)] +J'1\/?Sin[i (c+dx)])
V-a-b

b°/? Ar‘cTan[

]

(-2a-b+bCos[2 (c+dx)]) Csc[c+dx]?

/(233\/—a—b d (b+aCsc[c+dx]2)) +

/

((3a—4b) (—2a—b+bCos[2 <c+dx)]) Csc[% (Cerx)]ZCsc[c+dx}2

(64a”d (b+aCsclc+dx]?)) +
(-2a-b+bCos[2 (c+dx)]) Csc[i (c+dx”4Csc[c+dx}2

+

128ad (b+aCsc[c+dx]?)

3a’-4ab+8b%) (-2a-b+bCos|[2 (c+dx) ) Csc[Cerx}zLog[Cos[1 (c+dx)H)/
2

16a’d (b+aCsc[c+dx]?)) +
2

(c+dx”2]/

(-2a-b+bCos[2 (c+dx)]) Csc[c+dx]25ec[% (c+dx)}4

(
(
((73a2+4ab78b2) (-2a-b+bCos[2 (c+dx)})cSc[c+dx]2Log[s:1n[1 (c+dx)]]]/
(
(

/—\
I
w
o
+
I
o
I
N}
1Y)
I
o
+
o
a)
o
n
N
)
+
a
=
a)
0
I2)
I3)
+
a
X
N
wn
)
1)
N |

(64a*d (b+aCsc[c+dx]?)) -
128ad (b+aCsc[c+dx]?)

Problem 94: Result unnecessarily involves imaginary or complex numbers.

Sin[c+dx]7
J dx
(

a+bsin[c+dx]?)?

Optimal (type 3, 128 leaves, 5steps):
a? (5a+6b) ArcTanh[M]

) Jarb +(2a—b)Cos[c+dx1+
2b7/2 (a+b)?'*d b3d
Cos[c+dx]? a®Cos[c+dx]

3b2d +2b3 (a+b)d(a+b-bCos[c+dx]?)

Result (type 3, 194 leaves):
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1

12b7/2d

6a2 (5a+6b) Ar‘cTan[ﬁ_iﬁTanEZ(de)} | 6a*(5a+6b) Ar‘cTan[ﬁ+iﬁTan£2—(c+dx)]]
Ja N —a-

- (~a-b)*? - (~a-b)*? i

3

/b |Cos[c+dx] [24a-9b+ 122 +bCos[3 (c+dx)]

(a+b) (2a+b-bCos[2 (c+dx)])

Problem 95: Result unnecessarily involves imaginary or complex numbers.

J Sin[c+dx]?
(a+bSin[c+dx]2)2

dx

Optimal (type 3, 102 leaves, 5steps):

2/b Cosfc+dx]
a (3a+4b) Ar‘cTanh[ a:b } Cos[c +dx] a?Cos[c+dx]

2b5/2(a+b)3/2d b2 d 2b2(a+b)d(a+b—bCos[c+dx12)
Result (type 3, 172leaves):
[wﬁ;—ﬁyﬁrTan[é(c+dx)w]

-a-b

. 1
a(3a+4b) Ar‘cTan[WﬂﬁTanh(mdx)] ]
-a-b

1
+ +

2b5/2d (7a7b>3/2 <7a7b>3/2

a (3 a +4b) ArcTan

a2

2+/b Cos[c+dx] |-1-
(a+b) (2a+b—bCos[2<c+dx)])

Problem 96: Result unnecessarily involves imaginary or complex numbers.

Sin[c+dx]3
J dx
(

a+bSin[c+dx]2)2

Optimal (type 3, 83 leaves, 3 steps):

(a+2b) Ar‘cTanh[M‘Z;L“L} aCos[c+dx]
- +

2b%2 (a+b)*2d 2b (a+b)d(a+b-bCos[c+dx]?)

Result (type 3, 160leaves):
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(a+2b) ArcTan |

1 -a-b
20°/2 (a1 b) d N '
\/Fﬂl\/a_TanB(mdx)]
(a+2b) ArcTan] — ] 22D Cos(c+dx]
N
J-a-b 2a+b-bCos[2 (c+dx)]

Problem 97: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[c +dx]
J( dx

a+bSin[c+dx]2)2

Optimal (type 3, 74 leaves, 3 steps):
Ar‘cTanth Cos[c+dx }

2:b Cos[c+dx]

2\/F(a+b>3/2d 2 (a+b)d(a+b-bCos[c+dx]?)

Result (type 3, 149leaves):

o
2 (a+b) d
Ar‘cTan[\/F—i\/?TanB—(mdx)} ] Ar‘cTan[\/Fﬂ'm/?Tan“— (c+dx)] }
Narury N Vab B 2Cos[c+dx]
V-a-b /b v-a-b b 2a+b-bCos|[2 (c+dx)]

Problem 98: Result unnecessarily involves imaginary or complex numbers.

Csc[c+dx]
J dx
(

a+bSin[c+dx]2)2

Optimal (type 3, 103 leaves, 5steps):
ArcTanh[Cos|[c +dXx]]
- +

a’d
Vb (3a+2b) Ar‘cTanh[L;Lb C°:+;*dx ] b Cos [c + dx]
.
2az(a+b)3/2d 2a(a+b)d(a+b-bCos[c+dx]?)

Result (type 3, 194 leaves):
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. 1
1 \/F<3a+2b) Ar‘cTan[Wﬁlva_Tanh(de)]] \/F(Ba+2b) ArcTan

[VTT+ﬁVErTan[§(c+dx)w]
-a-b

-a-b
+ +

2a2d (—a—b)3/2 (—a—b)3/2

abCos[c+dXx]

2[<a+b) (2a+b-bCos[2 (c+dx)])

_Log[cos[i (c+dx)]] +Log[Sin[§ (c+dx)]]

Problem 99: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csc[c+dx]3
J( dx

a+bSin[c+dx]2)2

Optimal (type 3, 153 leaves, 6 steps):

(a-4b) ArcTanh[Cos[c+dx]] b>? (5a+4b) ArcTanh | ocoslendxl |

- B \a+b
2a3d 2a% (a+b)*?d
b (a+2b) Cos[c+dx] Cot[c+dx] Csc[c+dx]

2a? (a+b)d(a+b-bCos[c+dx]?) " 2ad (a+b-bCos[c+dx]?)

Result (type 3, 390 leaves):
1

32a3d (b+aCsc[c+dx]2)2

2
(-2a-b+bCos[2 (c+dx)]|) Csc[c+dx]? 8abCot[c+dx]+ ! 4b%? (5a+4b)
a+hb <7a7b)3/2
\/F—j\gTan[l(CerxH 1
ArcTan | 2 ](2a+b—bCos[2<c+dx)])Csc[c+dx}+7
V-a-b (-a-b)??
Vb +i+a Tan[? (c+dx)]
4b>?% (5a+4b) ArcTan| 2 ] (2a+b-bCos[2 (c+dx)])
V-a-b
1 2
Csc[c+dx] +a(2a+b-bCos[2 (c+dx)]) Csc[= (c+dx)]| Csclc+dx] +

2
4 (a-4b) (2a+b-bCos[2 (c+dx)]) Csc[c+dx] Log[Cos|

crax)]] -
(c+dx)H—

4 (a-4b) (2a+b—bCos[2 (c+dx”) Csclc+dx] Log[Sin]

a(2a+b-bCos[2 (c+dx)]) Csclc+dx] Sec[% (c+dx”2

Problem 113: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.
J Sin[x] dx
1+Sin[x]?
Optimal (type 3, 11leaves, 2 steps):

[Cos[x] ]
V2

Result (type 3, 29 leaves):
iLog[i+/2 Cos[x] ++/3-Cos[2x] |

—ArcSin

Problem 114: Result unnecessarily involves imaginary or complex numbers.

Jsin [x] \/1+Sin[x]% dx

Optimal (type 3, 30leaves, 3 steps):

M] - lCos[x] 2 -Cos[x]?

vz o2
Result (type 3, 53 leaves):

V3 -Cos[2x]
_Cos[x] V3 -Cos[2X] +1Log[i+/2 Cos[x] ++/3-Cos[2x] |
22

~ArcSin|

Problem 115: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[7 + 3 x]

dx

\/3+Sin[7+3x]2
Optimal (type 3, 15leaves, 2 steps):

1 o1
—fAr'c51n[fCos[7+3x]}
3 2

Result (type 3, 39 leaves):

2 i Log[i V2 Cos[7+3x] +1/7 Cos[2 (7+3x)] |
3

Problem 119: Result more than twice size of optimal antiderivative.

1
J— ax
a-asSin[x]?
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Optimal (type 3, 16leaves, 3 steps):
ArcTanh[Sin[x]] Cos[X]

aCos[x]?

Result (type 3, 46 leaves):

Cos [x] (—Log[Cos[i] -sin[*]] + Log[Cos [} ] +Sin[§]])

aCos [x]?

Problem 120: Result more than twice size of optimal antiderivative.

J ! dx
(a-a Sin[x}2)3/2

Optimal (type 3, 42 leaves, 4 steps):
ArcTanh[Sin[x]] Cos[X] Tan[Xx]

N
2a~/aCos[x]? 2a+/aCos[x]?

Result (type 3, 91 leaves):
1

4 (aCos[x]2)3/2
X L X
Cos [X] (Log[Cos[;} —Sln[;H +Cos[2X]
Log[Cos{i] +Sin[£H -2Sin[x]
2 2

Log[Cos[g] —Sin[%“ —Log[Cos[z] +Sin[§“) -

Problem 172: Result unnecessarily involves higher level functions.
JSin[ewa}5 (a+bsin[e+fx]?)Pdx
Optimal (type 5, 220 leaves, 5 steps):

(3a-2b(2+p)) Cos[e+fx] (a+b-bCos[e+fx]2)"P
b2 f (3+2p) (5+2p)

((3a2—4ab (1+p) +4b® (2+3p+p?)) Cos[e+fx] (a+b-bCos[e+fx]*)P

bCos[e+fx]2\P . 1 3 bCos[e+fx]?
1- — = Hyper‘geometr‘1C2F1[*, -P, —» —] /
a+b 2 2 a+b

Cos[e + f x] (a+b—bCos[e+fx]2)1*psin[e+1°x]2

bf (5+2p)

(b*f (3+2p) (5+2p)) -

Result (type 6, 184 leaves):
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bSin[e + fx]?

J

1
[4aAppellF1[3, =, -p, 4, Sin[e+fx]?,
2 a

/

bSin[e+fx]?

Sin[e+fx]® (a+bSin[e+fx]?)°Tan[e +fx]

1
(31‘ (8aAppe11F1[3, =, -p, 4, Sin[e+£x]2, - ]+
2 a

1 . , bsin[e+fx]?
2bpAppellFl[4, =, 1-p, 5, Sinfe+fx]?, - ——————| +
2

a
3 . , bsinfe+fx)2

aAppellFl[4, =, -p, 5, Sin[e+fx]?, - —————
2

}] Sinfe + f x]?
a

Problem 173: Result unnecessarily involves higher level functions.

JSin[e+fx}3 (a+bsin[e+fx]?)Pdx

Optimal (type 5, 131 leaves, 4 steps):

Cos[e + f x] (a+b—bCos[e+fx}2)1*p 1
+ (a-2b (1+p)) Cosle+fx]
bf (3+2p) bf (3+2p)
5 bCos[e+fx]2) 7P . 1 3 bCos[e+fx]?
(a+b-bCos[e+fx]?)P |1- ———————| Hypergeometric2F1[~, -p, —, ———— |
a+b 2 2 a+b

Result (type 6, 184 leaves):

1 . , bsin[e+fx]?
3aAppellF1[2, =, -p, 3, Sin[e+fx]?, - ————
2

J

a

/

bSin[e+fx]?

Sinfe+fx]* (a+bSin[e+fx]?)? Tan[e + fx]

1
(21’ (saAppellFl[z, =, -p, 3, Sin[e+fx]2, - ]+
2 a

1 . , bsin[e+fx]?
2bpAppellF1[3, =, 1-p, 4, Sin[e+fx]?, - —————] +
2

a
bSin[e +fx]?

3
aAppellF1[3, =, -p, 4, Sin[e+fx]?, - }] Sinfe + f x]?
2

a

Problem 175: Unable to integrate problem.

JCsc[eH:x} (a+bsin[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):
1 1 3 , bCosfe+fx]?
—*AppellFl[*, 1, -p, —, Cos[e+fx]%, —}
f 2 2 a+b

2\p bCos[e+fx]%)\ P
Cos[e+fx] (a+b-bCos[e+fx]*)°|1-———

a+b
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Result (type 8, 23 leaves):

JCSC[E-%—'FX] (a+bsinfe+fx]?)Pdx

Problem 176: Unable to integrate problem.

JCsc[ewa}3 (a+bsin[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):
1 1 3 , bCosfe+fx]?
—prpellFl[f, 2, -p, —, Cos[e+fx]°, —}
f 2 2 a+b

21p bCos[e+fx]%)\ P
Cos[e+fx] (a+b-bCos[e+fx]?)P |1- —
a+b

Result (type 8, 25leaves):

JCsc[e+fx13 (a+bsinfe+fx]?)Pdx

Problem 177: Unable to integrate problem.

stc[eﬂcx}5 (a+bsin[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):
1 1 3 , bCosfe+fx]?
—*AppellFl[*, 3, -p, —, Cos[e+fx]%, —}
f 2 2 a+b

21 p bCos[e+fx]%) P
Cos[e+fx] (a+b-bCos[e+fx]*)°|1-————
a+b

Result (type 8, 25leaves):

JCSC[E-%—'FX}S (a+bsinfe+fx]?)Pdx

Problem 179: Result more than twice size of optimal antiderivative.

JSin[ewa}2 (a+bsinfe+fx]?)Pdx

Optimal (type 6, 99 leaves, 3 steps):
(a+b) Tan[e+fx]?

1 3 5 ,
——AppellF1[ =, 2+p, -p, =, -Tan[e+fx]?, -
3f 2 2

B |

(a+b) Tan[e+fx]2| P

(Secle+fx]?)P (a+bsSin[e+Ffx]?)P Tan[e+fx]> |1+
a

Result (type 6, 240leaves):
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2
B 22p\/bCos[e+bf><] (2a+b-bCos[2 (e+fx)])"P
a+

1 1 2a+b—bCos[2(e+fx)]
—, > 2+P,

272 2 (a+b)
)

)

(2 a (2+p) AppellF1[1+p,

2a+b-bCos|2 (e+Ffx |

2a

za+bb2c(oas+[zb)<e+fx>}, 2o bt 2L (ha b bcos[2 (e )

Csc[Z(e+-Fx)}\/bSin[e+-FX12 /(625 (1p) (2+p))

1 1
| - (1+p) AppellF1[2 +p, NI 3+p,

a

Problem 180: Unable to integrate problem.

JCs:c[ewa}2 (a+bsinfe+fx]?)Pdx

Optimal (type 6, 97 leaves, 3 steps):

1 1 1 1 , bsin[e+fx]?
——AppellFl[——, —, -p, —, Sinfe+fx]%, ——}
f 2 2 2 a

2 . 2\p bSin[e+fx]2)7P
A/ Cos[e+fx]° Csc[e+fx] Sec[e+fX] (a+b51n[e+fx}) 1+ —m—m—m

a

Result (type 8, 25leaves):

JCSC[E-%—'FX]Z (a+bsinfe+fx]?)Pdx

Problem 181: Unable to integrate problem.

JCsc[ewa}4 (a+bsinfe+fx]?)Pdx

Optimal (type 6, 101 leaves, 3 steps):

1 3 1 1 , bsin[e+fx]?
- —AppellF1[- =, =, -p, - =, Sin[e+fx]?, - ————]
3f 2 2 2 a

5 3 . 2\ p bSin[e+fx]%)\ P
\/Cos[e+fx]? Cscle+fx]>Sec[e+fx] (a+bSin[e+Ffx]?)P |1+ —

a

Result (type 8, 25leaves):

JCSC[E-%—'FX}“ (a+bsinfe+fx]?)Pdx
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Problem 182: Result is not expressed in closed-form.
J Sin[c+dx]’

a+bSin[c+dx]3

dx

Optimal (type 3, 335leaves, 17 steps):

2 (_1>2/3 a5/3 Ar‘CTan[ (,1)1/'3 pl/3_31/3 Tan{% (c+dx)w }
3x a?/3_ (-1)2/3p?/3
- +

8b 3\/32/37 (71)2/3 b2/3 p7/3 ¢ )

23a%/3 Ar‘cTan[

b1/3,a1/3 Tan[% (c+d x)} } ) (_ 1) 13 35/3 prcTan [ (~1)%/3 b1/24a1/3 TanH (c+d x) ] }
| a2/3_p2/3 a?/3, (-1)1/3 p2/3

.
3307 b7 3.[a?7 s (1) 0 b7 g

aCos[c+dx] 3Cos[c+dx]Sin[c+dx] Cos[c+dx]Sin[c+dx]3
b2d 8bd 4bd

Result (type 7, 219leaves):

; (96aCos[c+dx] -32a*RootSum[-ib+3ibul?+8an1®-3ibul*+ibnl®8,
96 b2d

Sin[c +dx] Sin[c +dx]

[—ZAr‘cTan[ | +ilog[1-2Cos[c+dx] al+512]| +2ArcTan
Cos[c+dx] -#1 Cos[c+dx] -#1

#12 - i Log[1-2Cos[c+dx] a1+ 12| 112 /(b74jan172b1112+b1114) &| +

3b (12 (c+dx) -8Sin[2 (c+dx) | +Sin[4(c+dx)])]

Problem 183: Result is not expressed in closed-form.
J Sin[c+dx]®

a+bSin[c+dx]3

dx

Optimal (type 3, 273 leaves, 15 steps):

b'/3:+al/3 Tan “— (c+d x) w

2aArcTan| | 2aArcTanh| bY/2- (-1)Y2a! > Tan | (crdx) |

X | a2/3_p2/3 ~(-1) 2/3 32/3 ,p2/3 ]

+
2b 3+/a2/3 _p2/3 p5/3 ¢ 3\/_<_1>2/3 a2/3 4 p2/3 p5/3 4

b1/3+ (~1)2/3 a%/3 Tan E (c+d x) }

2 aArcTanh|

(~1)1/3 a?/3,p2/3 Cos[c+dx] Sin[c +dX]

3\/ (_1>1/3 32/3 4 b2/3 p5/3 ¢ 2bd

Result (type 7, 255leaves):
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(6 (c+dx) -2iaRootSum[-ib+3ibn1?+8an1®-3ibnl*+ibul®g,
12bd

Sin[c +dx]

[ZAr‘cTan[ | -ilog[1-2Cos[c+dx]ul+m1?] -
Cos[c+dx] -#1

Sin[c+dx]

4 ArcTan]| | #12+ 214 Log[1-2Cos[c+dx] #1+01%] #1% +
Cos[c+dx] -#1

Sin[c +dx]

2 ArcTan| | #1* - i Log[1-2Cos[c +dX] H1+H12]n14j/
Cos[c+dx] -#1

(br1-4ian1?-2bn1®+bnl®) &) -3Sin[2 (c+dx)]

Problem 184: Result is not expressed in closed-form.
J Sin[c+dx]3

a+bSin[c+dx]3

dx

Optimal (type 3, 259 leaves, 13 steps):
bl/3.al/3 Tan[% (c+d x)} ]

X N
b 3/a??-b??3 bd

2al/3 Ar‘cTan[

(-1)2/2bY3+a%/2 Tan H— (c+d x) w

2al/? ArcTan | (DY [0 ()22 e Tan | T (cdx ||

| 2a?ArcTan]| ]
a2/34 (-1) 1/3 p2/3 a2/3_ (-1) 2/3 p2/3

3./a??+ (-1)*° b2 bd 3./a?3- (-1)¥2b¥2 bd

Result (type 7, 140 leaves):

——|3c+3dx+2iaRootSum[-ib+3ibul?+8anl®-31ibnl*+ibnl®y,
3bd

2ArcTan| Sl 157§ Log[1-2Cos[c+dx] #1 +#12] #1
Cos[c+d x] -1

&
b-41atl-2bxl1?+bH1? ]

Problem 185: Result is not expressed in closed-form.

Sin[c+dx]
J dx

a+bSin[c+dx]3

Optimal (type 3, 267 leaves, 11 steps):

| 17
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(-1) 1/3 p1/3_41/3 Tan Hﬁ (c+d x) ]

2 (—1)2/3 ArcTan]|

]

az/37 (-1) 2/3 p2/3

3 a1/3 \/a2/3 B (71> 2/3 p2/3 pl/3 ¢

bl/3+al/3 Tan {% (c+d x) } (-1)2/3b%/31a%/3 Tan B (c+d x) }

2Ar‘cTan[ ] 2 (—1)1/3 Ar‘cTan[ ]
/aZ/'B,bZ/B az/3+(71)1/3 p2/3
+
331/3+/32/3 _p2/3 pl/3 g 3 a1/3 \/a2/3 N (71> 1/3 p2/3 p1/3 ¢

Result (type 7, 172 leaves):

1 . - 2 334 4, 6
- ——RootSum[-ib+3ibu1?+8an1®-3ibul*+ibul®y,
3d

Sin[c +dx] Sin[c+dx]

-2 ArcTan +1Llog|l-2Cos[c+dx] =1 +11%| +2ArcTan
[ ] [

Cos[c+dx] -#1 Cos[c+dx] -#1

#1% - i Log[1-2Cos[c +dx] n1+1112]1112]/ (b-4ianl-2bul?+bul*) &

Problem 186: Result is not expressed in closed-form.

J Csc[c+dx] dx

a+bSin[c+dx]3

Optimal (type 3, 264 leaves, 14 steps):
b'/3+al/3 Tan [} (c+d x) }

NSRS ArcTanh[Cos[c +d x] ]
3a+a¥3-b?3 d ) ad

bY/3-(~1)1/3 al/3 TanE (c+dx) }

2b1/3 ArcTan |

+

bY/34 (-1)2/3 al/3 Tan[% (c+d x) }

2 bl/3 ArcTanh [ } 2 bl/3 ArcTanh [

P ; 5
S (-1)2/3 3¥/3,p2/3 (-1)Y/3 a2/3.p2/3

}

3aJ—(—1)2/3a2/3+b2/3 d 3a\/(—1)1/3a2/3+b2/3 d

Result (type 7, 264 leaves):

g 6Log[Cos[§ (c+dx)]] 76Log[sin[% (c+dx)]]+

ibRootSum|[-ib+3ibu1?+8anml®-3ibnl*+ibnl®y,

Sin[c +dx] Sin[c+dx]

| -ilog[1-2Cos[c+dx]nl+u1?| -4ArcTan|
Cos[c+dx] -#1 Cos[c+dx] -#1

Sin[c +dx]

(2 ArcTan |

#1%2 + 21 Log[1-2Cos[c+dx] 1 +81%] #12 + 2 ArcTan | 514 -

Cos[c+dx] -#1

ilog[l-2Cos[c+dx]nl+nl?] ttl“]/ (br1-41ian1?-2bn1’+bnl®) &

Problem 187: Result is not expressed in closed-form.

Csc[c+dx]3
J dx

a+bSin[c+dx]3
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Optimal (type 3, 287 leaves, 15 steps):

bY/3+a"/> Tan| X (c+dx) | -1)? %242t Tan| L (c+dx) |

2b ArcTan| | 2bArcTan| ]
\/ a2/3_p2/3 az/3+(71)1/3 p2/3
- - +
3a5/3“/a2/3—b2/3 d 3 35/3 \/a2/3+ (_1>1/3 b2/3 ¢
(-1 1/3 bl/”3+(—1 2/3 31/3 1 1 +dx)
2bArcTan| | RALUACUFICIL)
a?/3_ (-1)2/3p?/3 ArcTanh[Cos[c+dx]] Cot[c+dx] Csc[c+dXx]
335/3\/32/3—<—1>2/3b2/3 d 2ad 2ad

Result (type 7, 181 leaves):

16 i bRootSum|[-b+3bn1?-8ianl®-3bul*+ bni® g,
24 ad

2 ArcTan| Sl 157 5 Log[1-2Cos[c+dx] #1+112] #1

Cos[c+d x] -1

& -
b-4ianl-2bnl?+bnl? ]
3 [csc[l (c+dx)]*+aLog|Cos[~ (c+dx)]] -4Log[sin| > (c+dx]]]-sec[> (c+dx)]’
2 2 2 2
Problem 188: Result is not expressed in closed-form.
Csc[c+dx]?
J dx
a+bSin[c+dx]3
Optimal (type 3, 344 leaves, 18 steps):
2 (1) b%3 ArcTan| (AP P T vt | 2b°3ArcTan| bY245/* Tan| 7 (cad) | ]
a2/3_ (-1) 2/3 p2/3 - / 32/3,[)2/3 .
3a7/3 \/a2/3 7 (71) 2/3p2/3 ¢ 3a7/3/32/3 - p2/3 (
2 (71>1/3 b5/3 Ar‘cTan[ (-1)%/3 bt/34a%/3 Tan{i— (c+dx)}
a3, (-1)Y/3 p2/3 3 ArcTanh[Cos[c +d x]]
- +
337/3 \/aZ/aJr (71>1/3 h2/3 ¢ 8ad

bCot[c+dx] 3Cot[c+dx]Csc[c+dx] Cot[c+dx]Csc[c+dx]?
a?d 8ad 4ad

Result (type 7, 290 leaves):

| 19



20 | Mathematica 11.3 Integration Test Results for 4.1.7 (d trig)~m (a+b (c sin)”~n)”p.nb

1
192 a2d

N ) ) 3 4 6 Sin[c +dx]
(—64b RootSum|[-b+3bn1%-8ianl®-3bul*+bul® g, [—ZAr'cTan[

| +1iLog|
Cos[c+dx] -#1

Sin[c+dx]
Cos[c+dx] -#1

ilog[l-2Cos[c+dx]nl+nl?] ttlz]/ (b-4ianl-2bu1>+bul?) &) +

1-2Cos[c+dx] =l +n1%] + 2ArcTan]| H12 -

3 (32bCot[% (c+dx)] —6aCsc[% (c+dx)]2—aCsc[§ <c+dx)]4—
24aLog[Cos[% (c+dx)]] +24aLog[Sin[§ (c+dx)]]+
6aSec[§ (c+dx)]2+a5ec[§ (c+dx)]4732bTan[§ (c+dx)] )

Problem 189: Result is not expressed in closed-form.

dx

J Sin[c+dx]®

a+bSin[c+dx]3

Optimal (type 3, 293 leaves, 15steps):

bY/3+al/3 Tan “— (c+d x) ] }

21)2/3pY/3+aY/3 Tan| X (c+d x)
2a%3 ArcTan| 2a%3 ArcTan | E w ]

ax \/ a2/3_p2/3 a2/3, (-1) 1/3 p2/3

— + +

b2 3+/a2/3 _p2/3 b2d 3Ja2/3+ <_1>1/3 b2/3 b2

(-1)1/3 (b1/3+(71)2/3 al/3 Tan“— (c+d X)H ]

a2/3_ (-1)2/3 p2/3 Cos[c+dx] Cos[c+dx]3
- +

bd 3bd

2a%3 ArcTan |

3\/a2/3— (_1>2/3 b2/3 h2

Result (type 7, 164 leaves):

- 12ac+12adx+9bCos[c+dx] -
12b%d

bCos[3 (c+dx) | +81ia’RootSum|[-ib+3ibul>+8anl®-31ibul*+ibulfg,

2 ArcTan| Sedxl T w7 5 1og[1-2Cos[c+dx] #l+112] 71

Cos[c+d x]-#1

8]

b-4iafl-2ba1%+bal?

Problem 190: Result is not expressed in closed-form.

dx

J Sin[c+dx]*

a+bSin[c+dx]3

Optimal (type 3, 281 leaves, 14 steps):
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(-1)¥3p3-a1/2 Tan[ 2 (crdx) | bY/3+a%/3 Tan| X (cvdx) |

2 (—1)2/3 a?/3 ArcTan]| | 2a??ArcTan|

—— : ]
a2/3_(~1)2/3p?/3 ~/ a?/3_p2/3

3\/32/37 <71>2/3b2/3 b4/3d 3ﬂ/a2/37b2/3 b4/3d
<_1>2/3 bl/3,al/3 T, 17( +dx)
2(—1)1/3a2/3Ar‘cTan[ e Ten[§ terdn |
32/3+(,1)1/3 p2/3 Cos [C +d X}
3\/532/3+ (71>1/3 b2/3 p4/3d bd

Result (type 7, 186 leaves):

1
—[-3Cos[c+dx] +aRootSum[-ib+3ibnl?+8anl®-3ibul*+ibuil®g,
3bd

Sin[c +dx] Sin[c +dx]

-2 ArcTan +1Llogl1-2Cos[c+dx] =1 +11%| + 2 ArcTan
[ [ |+ 1 vog ) [

Cos[c+dx] -#1 Cos[c+dx] -#1

#1% - i Log[1-2Cos[c+dx] #l +112] 1::12]/ (b-4ianl-2bul?+bul*) &|

Problem 191: Result is not expressed in closed-form.

Sin[c+dx]?
J dx

a+bSin[c+dx]3

Optimal (type 3, 240 leaves, 11 steps):

]

bl/3+al/3 Tan “— (c+d x) w
N az/ssz/é
3 “/32/3 _ b2/3 b2/3 d

2 ArcTan|

bY/3- (—1)Y/3 a3 Tan| L (c+dx) bY/34 (-1)2/3 a¥/3 Tan| L (c+d x)
2Ar‘cTanh[ {2 } ] 2Ar‘cTanh[ [2 ] }
7(71)2/3 22/3,p2/3 (71)1/3 a2/3,p2/3
3\/7 (71)2/3 a2/3 . p2/3 p2/3 4 3 \/ (71)1/3 32/3 4 p2/3 p2/3 ¢

Result (type 7, 231 leaves):

1. . - 2 33 4, 6
——i RootSum|[-ib+3ibn1?+8an1®-3ibnul®+ibnl’ g,
6d

Sin[c+dx] Sin[c +dx]

| -ilog[1-2Cos[c+dx] #l+#1?] -4ArcTan|
Cos[c+dx] -#1 Cos[c+dx] -#1

Sin[c+dx]

[2 ArcTan |

#12+2 i Log[1-2Cos[c+dx] 51 +112] 512 + 2 ArcTan | | m1% -

Cos[c+dx] -#1
ilog[1-2Cos[c+dx] ul+H1?] 1114)/ (br1-41ian1?-2bni®+bnul’) &]

Problem 192: Result is not expressed in closed-form.

1
J dx
a+bSin[c+dx]3
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Optimal (type 3, 245leaves, 11 steps):

b'/3:+al/3 Tan “— (c+d x) w }

N az/sibz/é
3 a2/3 “/32/3 _ b2/3 d

2 ArcTan|

2Ar‘cTan[ ~1)%/3 p1/3,41/3 Tan{; (c+d x)] } 2Ar‘cTan[ (-1)1/3 (bl/"3+(—1)2/3 al/3 TanB— (c+d x)” }
a2/3, (-1)1/3 p2/3 a2/3_ (-1)2/3 p2/3
3 32/3 \/a2/3 N (71) 1/3 b2/3 (d 3 g2/3 \/a2/3 _ (71) 2/3 b2/3 (d

Result (type 7, 126 leaves):
1

- ——2iRootSum[-ib+3ibn1?+8anl®-3ibul*+ibnl’ g,
3d

2 ArcTan| Shedxl T w7 1 og[1-2Cos[c+dx] #1+112] 71
Cos[c+dx]-H1

&
b-41iafl-2bxl1?+bal? }

Problem 193: Result is not expressed in closed-form.

Csc[c+dx]?
J dx

a+bSin[c+dx]3

Optimal (type 3, 281 leaves, 15 steps):

(-1)%/3p?/3-3/3 Tan “— (c+d x) w b'/3+a%/? Tan {1 (c+d x) ]

2 (-1)*?b?/? ArcTan|

] 2 b%/3 ArcTan [

]

a2/3-(-1) 2/3 p2/3 / a2/3_p2/3
- +
3 34/3 \/az/s B (_1) 2/312/3 ¢ 3a4/3+/32/3 _p2/3 ¢

~1)2/3 b1/3,a%/3 Tan { L (crdx) w

2 (—1)1/3 b2/3 ArcTan |

]

a?/31 (L1)Y3 b2 Cot[c+dx]

3 34/3 \/a2/3+ (_1>1/3 b2/3 ¢ ad

Result (type 7, 196 leaves):

1
[-3Cot[— (c+dx)] +2bRootSum|[-b+3b11?-8ianl®-3bul*+bul®g,
6ad 2

Sin[c +dx]

-2 ArcTan +1log[l1-2Cos[c+dx]al+m12] +
[ ] [

Cos[c+dx] -1
Sin[c +dx]

2 ArcTan #12 -1 log|1-2Cos[c+dx] #1 +11?] 112
[ J

Cos[c+dx] -#1

(b-4ianl-2bu1?+bul*) &| +3Tan|[ = (c+dx)]

N |

Problem 194: Result is not expressed in closed-form.

Csc[c+dx]*
j dx

a+bSin[c+dx]3
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Optimal (type 3, 296 leaves, 16 steps):

]

b'/3+al/3 Tan { £l (c+d x) w
[ a2/3_p2/3
3 a2 “/32/3 _ b2/3 d

2b*3 ArcTan |

bY/3-(-1)1/3 al/3 Tan B— (c+d x) }

2 b*/3 Ar‘cTanh[

]

b ArcTanh[Cos[c +d Xx] ]

S (-1)2/3 a2/3,.p2/3

a’d 3a2J7(71)2/3a2/3+b2/3 d

2 b*/3 ArcTanh

[ b/3+ (-1)2/3 a%/3 Tan “— (c+d x) w

(~1)V/? a2/3.p2/3 Cot[c+dx] Cot[c+dx]3

332\/(—1)1/3a2/3+b2/3 d ad 3ad

Result (type 7, 333 leaves):

lerax]]] -

(c+dx)]]+4ib?RootSum|[-b+3bn1%-8iani®-3bul*+bul’ e,

1 ( 8aCot[1<c dx)] 24b Lo [Cos[
- — + +
24 a%d 2 &

N |-

24 b Log[Sin|

N |

Sin[c +dx] Sin[c+dx]

| -iLog[1-2Cos[c+dx]ul+u1?] -4ArcTan|
Cos[c+dx] -#1 Cos[c+dx] -#1

Sin[c +dx]

(2 ArcTan |

712 +2 i Log[1-2Cos[c+dx] #1+11%]| 1112 + 2 ArcTan | | =% -

Cos[c+dx] -#1
ilog[1-2Cos[c+dx] #l+u1?] n14]/ (brl-4ianl®-2bnul’+bul’) & +

(c+dx)]471aCsc[1 (c+dx)]45in[c+dx] +

8aCsc[c+dx]?Sin|
2 2

N |

8aTan|

N |

<C+dx)]

Problem 195: Result is not expressed in closed-form.

Sin[c+dx]°
j dx

a-bSin[c+dx]*

Optimal (type 3, 177 leaves, 6 steps):

a3/2ArcTan[M] a3/2Ar‘cTanh[M}

2+/+Va -+v/b b¥4d 2+/+Va +v/b b¥4d

(a+b)Cos[c+de 2Cos[c+dx]3 Cos[c+dx]>
- +

b2 d 3bd 5bd

Result (type 7, 228 leaves):
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1

120 b2 d
60 i a’ RootSum|b - 4bu1? - 16 anl* + 6 bul* - 4bu1® + bnl® &,
Sin[c +dx]

Cos[c +dx] (120a+89b—28bCos[2 (c+dx>] +3bCos |4 (c+dx>]) +

-2 ArcTan fil+1Llog|1-2Cos[c+dx] 71 +112| 71 +
[ [ J [ )

Cos[c+dx] -#1
Sin[c +dx]

2 ArcTan 713 -1 Log|1-2Cos[c+dx] 71+ 12| 713
[ ] [

Cos[c+dx] -#1

(-b-8an1?+3bn1?-3bnl*+bni®) &]

Problem 196: Result is not expressed in closed-form.

Sin[c+dx]7
J dx

a-bSin[c+dx]*

Optimal (type 3, 148 leaves, 6 steps):

aAchan[MLdXL} aAchanh[M
Va /e Va +V/b +Cos[c+dx] Cos[c+dx]?

- +
bd 3bd
2+/Va -V/b b7*d 2+/Va +/b b’/*d

Result (type 7, 310leaves):
1

24bd

[18Cos[c+dx] -2Cos[3 (c+dx) | -3iaRootSum[b-4bH1?-16an1*+6bnl*-4bnl®+bnl® &,

Sin[c +dx]

) ) Sin[c+dx]
-2ArcTan| | +ilog[1-2Cos[c+dx]nl+u1?| +6ArcTan|

Cos[c+dx] -#1 Cos[c+dx] -#1

Sin[c+dx]

#12 -3 1 Log[1-2Cos[c+dx] #1+11?| #1% - 6 ArcTan | m1t+

Cos[c+dx] -#1
Sin[c+dx]

3ilog[1-2Cos[c+dx] ul+u1?] 51%+2ArcTan]| 716 -

Cos[c+dx] -#1

ilog[l-2Cos[c+dx]nl+nl?] ul"’)/ (-br1-8an1®+3bn1®-3bul®+bul’) &|

Problem 197: Result is not expressed in closed-form.

Sin[c+dx]®
J dx

a-bSin[c+dx]*

Optimal (type 3, 138 leaves, 6 steps):

NE Achan[M Jva ArcTanh[M
- Ve vb _ Va /b +Cos[c+dx}

bd
2+/Va -Vb b54d 2+/Va +V/b b54d

Result (type 7, 198 leaves):



Mathematica 11.3 Integration Test Results for 4.1.7 (d trig)~m (a+b (c sin)”~n)”p.nb

—|2Cos[c+dXx] +
2bd
) ) 4 4 6 8 Sin[c +dx]
i aRootSum|b-4bw1?-16am1* +6bnl*-4bn1f+ bnid g, [—ZAr‘cTan[ | #1+
Cos[c+dx] -#1

Sin[c+dx]

ilog[1l-2Cos[c+dx] ul+H1?] #l+2ArcTan| 113 -

Cos[c+dx] -#1

ilog[1-2Cos[c+dx] ul+nl?] u13)/ (-b-8an1?+3bnl?-3bul®+bul®) &|

Problem 198: Result is not expressed in closed-form.

Sin[c+dx]?
J dx

a-bSin[c+dx]*

Optimal (type 3, 115leaves, 4 steps):

Ar‘cTan[M} ArcTanh [ M]
Va b Va /b

2+/Va - WbMd 2+/+Va +v/b b¥4d
Result (type 7, 285leaves):

1. 2 4 4 6 8
- ——iRootSum|[b-4bu1?-16am1*+6bnl* - 4bu1® + bu1f &,
8d

Sin[c+dx] Sin[c+dx]

| +ilog[1-2Cos[c+dx] ul+u1?]| +6ArcTan|
Cos[c+dx] -#1 Cos[c+dx] -#1

Sin[c+dx]

(—ZAr'cTan[

#1%2 - 31 Log[1-2Cos[c+dx] #1+11?| #12 - 6 ArcTan |

]H14+
Cos[c+dx] -#1

Sin[c+dx
[ ] 416

33 Log[1-2Cos[c+dx] #l+n1?] #1%+2ArcTan|
Cos[c+dx] -#1

ilog[l-2Cos[c+dx]nl+nl?] ttls]/ (-br1-8an1®+3bn1®-3bnl®+bnl’) &|

Problem 199: Result is not expressed in closed-form.

J Sin[c +dx] dx

a-bSin[c+dx]*

Optimal (type 3, 125leaves, 4 steps):

ArcTan [ bY/4 Cos [c+d x ] ArcTanh [ bY/* Cos[c+d x ]
Vb JVm b

2+/a \/Va -V/b b¥4d 2+/a \/+/a +/b bl4d

Result (type 7, 183 leaves):

| 25
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1 . 2 4 4 6 8
——1i RootSum|b-4bw1? - 16 an1*+ 6 b1l® - 4bu1® + b 18 &,
2d
Sin[c +dx] , )
-2 ArcTan]| | #1+iLog[1-2Cos[c+dx]al+n1?] =1+
Cos[c+dx] -#1

Sin[c +dx]

2 ArcTan #13 -1 Llog|1-2Cos[c+dx] #1 + 12| 113
[ ]

Cos[c+dx] -#1
(-b-8an1®+3bnl?-3bnl*+bni®) &]

Problem 200: Result is not expressed in closed-form.

j Csc[c+dx] dx

a-bSin[c+dx]*

Optimal (type 3, 136 leaves, 7 steps):

b1/4 ArcTan [ b1/4Cos c+d X b1/4 Ar‘cTanh [ bl//ACOS[C+dX] }
Va b ArcTanh[Cos[c +d Xx] ] NNy
- - +
ad
2ay/vVa -+b d 2a~/Va +vVb d

Result (type 7, 318leaves):

o 8Log[Cos[§ (c+dx)]] —8Log[sin[§ (c+dx)]]+

ibRootSum|[b-4bu1?-16am1* +6bul*-4bu1®+ bnid g,
Sin[c +dx]

[—ZAr‘cTan[ | +iLog[1-2Cos[c+dx]ul+nul?] +

Cos[c+dx] -#1
Sin[c+dx] ) ) ) )
6 ArcTan | | #12 -3 i Log[1-2Cos[c+dx] #m1+n1%] #1% -
Cos[c+dx] -#1

Sin[c +dx] 4 ) ) 4
6 ArcTan | | #1% +3 i Log[1-2Cos[c+dx] 1 +01%] #1% +
Cos[c+dx] -#1

Sin[c +dx]

2 ArcTan| | #1° - i Log[1-2Cos[c +dx] n1+n12]n16J/

Cos[c+dx] -#1

(-bn1-8an1®+3bn1®-3bnl®+bnl’) &|

Problem 201: Result is not expressed in closed-form.

Csc[c+dx]3
J dx

a-bSin[c+dx]*

Optimal (type 3, 184 leaves, 7 steps):
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1/4
b3/4 ArcTan { b'/* Cos[c+d x

Va -vb _ ArcTanh[Cos[c+dx]]
22323 - b d 2ad
b3/4 Ar‘cTanh[—;Lbl/‘1 Cos [cxdx] |
R 1 1
2a32+/v/a +vVb d _4ad(1—Cos[c+dx}) +4ad (1+Cos[c+dx])

Result (type 7, 242 leaves):
1

—(:sc[l (c+dx)]2—4Log[Cos[
8ad

2

(C+dX)H+

N |-

4Log[51n[1 (c+dx)]]+41ibRootSum[b-4bn1®-16anl*+6bnl*-4bul®+bul® g,
2

Sin[c +dx]

-2 ArcTan fil+1log|1-2Cos[c+dx] 71 +112| 71 +
[ ] [ ]

Cos[c+dx] -#1
Sin[c +dx]

2 ArcTan 13 -1 Log|1-2Cos[c+dx] 71 + 12| 713
[ ] [

(c+dx)]2)

Cos[c+dx] -#1

(-b-8an1®+3bnl?-3bnl*+bnui®) &) +Sec|

N |

Problem 202: Result is not expressed in closed-form.

Csc[c+dx]?
J dx

a-bSin[c+dx]*

Optimal (type 3, 229 leaves, 7 steps):

1/4
b5/4 ArcTan [ b*/* Cos[c+d x ]

Ja b (3a+8b) ArcTanh[Cos[c +dx]]
- +
2
2a2JvVa - Vb d gatd
b5/4 Ar‘cTanh[—m1 Coslcxdx] |
[moe 1 i
2
2a2/va + b d 16ad (1-Cos[c+dx])
3 1 3
+ +

16ad (17Cos[c+dx]) 16ad (1+Cos[c+dx])2 16ad (1+Cos[c+dx])

Result (type 7, 409 leaves):
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ey (—GaCsc[i <c+dx)]2—aCsc[§ (c+dx)]4—

24aLog[Cos[1 (c+dx)]] 764bLog[Cos[1 (c+dx)]] +24aLog[Sin[1 (c+dx)]]+
2 2 2

64bLog[Sin[l (c+dx)]]-81ib?RootSum|b-4b1?-16an1*+6bul*-4bul®+buld g,
2

Sin[c +dx] . )
(—ZAr‘cTan[ ]+1Log[1—2Cos[c+dx} H1+tt1]+

Cos[c+dx] -#1

Sin[c +dx] ) . 5 )

6 ArcTan | | #1231 Log[1-2Cos[c+dx] #l+H1?]| 51% -
Cos[c+dx] -#1

Sinf[c +dx] 4 ) R 4

6 ArcTan | | #1% + 31 Log[1-2Cos[c+dx] fl+51?]| 51% +
Cos[c+dx] -#1

Sin[c +dx]

2 ArcTan 1% - i Log|1-2Cos[c+dx] #1 + 12| #1°
[ ]

Cos[c+dx] -#1

(-bn1-8an1®+3bn1®-3bul®+bnl’) &| +6asSec| (c+dx)]2+aSec[

N |

! (c+dx>]4)

2

Problem 212: Result is not expressed in closed-form.

Sin[c+dx]°?
J dx

(a—bSin[c+dx]“)2

Optimal (type 3, 236 leaves, 7 steps):

Va (5 JVa - 6\/?) Ar‘cTan[gw/4COS cdxl ] +fa (5 \/?+6W) Ar‘cTanh[g[—Lbl/aCOS cedx] |

Vae JVae
8 (Va -/b | b2 d 8 (Va +/b |24 d
Cos[c +dx] aCos[c+dx] (a+b-bCos[c+dx]?)
b2d 4 (a-b)b2d(a-b+2bCos[c+dx]?-bCos[c+dx]*)

Result (type 7, 486 leaves):
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- 1
32b2d
32aCos[c+dx] (2a+b-bCos[2 (c+dx)]) 1
32Cos[c+dx] + + i a RootSum |
(a-b) (8a-3b+4bCos[2 (c+dx)]|-bCos[4 (c+dx)]|) a-b

1
b-4bt1?-16at1*+6bnl* -4b 1% + b 18 &,

-br1-8an1®*+3bH13-3bn1®+bnal’?
Sin[c +dx]

-2bArcTan +1blog[l1-2Cos[c+dx] al+112] -
[ ] [

Cos[c+dx] -#1

Sin[c +dx] Sin[c+dx]

40 a ArcTan | | #1% + 54 b ArcTan|

Cos[c+dx] -#1 Cos[c+dx] -#1
20ialog[l-2Cos[c+dx] #l+012] #1%-271ibLlog[l-2Cos[c+dx] #1 +a1%] #1? +

]H12+

Sin[c +dx] 4 Sin[c +dx] 4
40 aArcTan| | #1% - 54 b ArcTan| | m1% -
Cos[c+dx] -1 Cos[c+dx] -1
20ialog[l1-2Cos[c+dx] ul+51?] #1%+27iblog[l1-2Cos[c+dx] =l +11?| m1*+

Sin[c +dx]
2 bAr‘cTan[

| #1°-iblog[1-2Cos[c+dx] #l+n1?] m"’] &
Cos[c+dx] -#1

Problem 213: Result is not expressed in closed-form.

Sin[c+dx]’
J( dx

abein[c+dx]4)2

Optimal (type 3, 210leaves, 5steps):

3va -4+/b | ArcTan [ 2/ Coslerdx]. 3+/a +4+/b | ArcTanh | 2iCosicdx].
S (15

8 (Va -b | b74d 8 (Va +b | b7d

aCos[c+dx] (2-Cos[c+dx]?)

4 (a-bjbd(a-b+2bCos[c+dx]?-bCos[c+dx]?)

Result (type 7, 565 leaves):
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1 16a (-5Cos[c+dx] +Cos[3 (c+dx)])

32 (a-b)bd

8a-3b+4bCos|2 (c+dx)] -bCos[4 (c+dx)]
1

i RootSum|[b -4bn1?-16an1*+6bul* -4bnl® + bul® &,

-brl-8an1®+3bm13-3bu1° + b1’
Sin[c +dx] Sin[c +dx]
}—8bAr‘cTan[ }—

Cos[c+dx] -#1 Cos[c+dx] -H1
3ialog[l-2Cos[c+dx]aHl+H1?| +4iblog[l-2Cos[c+dx] a#l+H1?] -

Sin[c +dx] ) Sin[c+dx]
10 a ArcTan | | #12 + 24 b ArcTan|

Cos[c+dx] -#1 Cos[c+dx] -#1

5ialog[l-2Cos[c+dx]al+n1?| #1%-12ibLlog[l-2Cos[c+dx] #l+H1?| #1?+

Sin[c +dx]

(6 a ArcTan [

]tt12+

Sin[c+dx]

10 a ArcTan| | #1% - 24 b ArcTan| | B2t -

Cos[c+dx] -#1 Cos[c+dx] -#1
5ialog[l-2Cos[c+dx]nl+u1?|n1%*+121iblog[1-2Cos[c+dx] ul+n1?] n1%-

Sin[c+dx] Sin[c+dx]

718 +

6 aArcTan | | #1% + 8 b ArcTan|

Cos[c+dx] -#1 Cos[c+dx] -#1

3ialog[1-2Cos[c+dx] ul+#1?| #1°-41ibLlog[l-2Cos[c+dx] 111+n12]n16J &

Problem 214: Result is not expressed in closed-form.

Sin[c+dx]?
J dx
(a—bSin[c+dx]“)2

Optimal (type 3, 217 leaves, 5 steps):

(\E—Z\/F) Ar‘chn[w} (ﬁ+2ﬁ) Ar‘cTanh[—;Lbl’/dCOS cedx] |

[vave | e
8va (Va -b | bsed 8va (Va +b | Fbsed

Cos[c+dx] (a+b-bCos[c+dx]?)

4 (a-b)bd(a-b+2bCos[c+dx]2-bCos[c+dx]*)

Result (type 7, 469 leaves):
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1 32Cos[c+dx] (2a+b-bCos[2 (c+dx)])

32 (a-b) bd 8a-3b+4bCos|2 (c+dx” —bCos[4(c+dx)]

i RootSum[b-4bu1?-16an1* +6bul* - 4bu1® + bul® &,

1 Sin[c +dx]
—2bAr‘cTan[ +

-bt1-8an13+3bm13-3ba1° + brl? Cos[c+dx] -1
Sin[c +dx]

iblog[1l-2Cos[c+dx] #l+11?] -8aArcTan| 112 +

Cos[c+dx] -#1
Sin[c +d x]

22 b ArcTan | | #1% +4ialog[l-2Cos[c+dx]nl+n1?] 112 -
Cos[c+dx] -#1

Sin[c +dx]

11ibLlog[1-2Cos[c+dx] #1+x1?] #1% + 8 aArcTan | 514 -
Cos[c+dx] -#1

Sin[c +dx]

22 b ArcTan | | #1*-4ialog[l-2Cos[c+dx]nl+nl?| #1%+
Cos[c+dx] -#1

Sin[c+dx]

11ibLlog[1-2Cos[c+dx] #1+u12] #1%+2b ArcTan| =16 -

Cos[c+dx] -#1

iblog[1l-2Cos[c+dx]#Hl+n1?] 1116) &]

Problem 215: Result is not expressed in closed-form.

Sin[c+dx]3
J dx
(a—bSin[c+dx]“)2

Optimal (type 3, 186 leaves, 5 steps):

ArcTan [ b'/* Cos [c+d x } ArcTanh [ b*/* Cos[c+d x
Va b iz lo

sva (Va b)) 6rta s (Va eb)Tbiea

Cos[c+dx] (2-Cos[c+dx]?)

4 (a-b)d(a-b+2bCos[c+dx]?-bCos[c+dx]?)

Result (type 7, 345leaves):
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1
32 (a-b)d|8a-3b+4bCos[2 (c+dx)]-bCos[4 (c+dx)]
i RootSum[b-4bu1?-16an1* +6bul* - 4bu1® + bul® &,

16 (-5Cos[c+dx] +Cos[3 (c+dx)])

Sin[c +d x] ) )
-2ArcTan| | +ilog[1-2Cos[c+dx] al+#H12] +
Cos[c+dx] -1
Sin[c +d x] ) . ) )
14 ArcTan| | #1% -7 Log[1-2Cos[c+dx] #l+n1%| 11? -

Cos[c+dx] -#1
Sin[c +d x]

14 ArcTan| | #1%+7 i Log[1-2Cos[c+dx] #l+n1%| 11* +
Cos[c+dx] -#1

Sin[c +dx]

2 ArcTan 1% -1 Log|1-2Cos[c+dx] 71 + 12| =18
[ ] [

Cos[c+dx] -#1

(-br1-8an1®+3bn1’-3bnl®+bnl’) &|

Problem 216: Result is not expressed in closed-form.

J Sin[c +dx] 4
X

(a—bSin[c+dx]“)2

Optimal (type 3, 221 leaves, 5steps):

(3 Va -2 \m) Ar‘cTan[gf—Lbl’mcos cxdx ] (3 Va +2 \/F) Ar‘cTanh[gi—Lbl’mCOS crdx ]

ga¥2 (vVa -+/b |7 bi4d 8a¥2 (va +v/b | bi4d

Cos[c+dx] (a+b-bCos[c+dx]?)

4afa-b)d(a-b+2bCos[c+dx]?-bCos[c+dx]*)

Result (type 7, 469 leaves):
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1 32Cos[c+dx] (2a+b-bCos[2 (c+dx)])

32a (a-b)d 8a-3b+4bCos|2 (c+dx” —bCos[4(c+dx)]

i RootSum[b-4bu1?-16an1* +6bul* - 4bu1® + bul® &,

1 Sin[c +dx]
—2bAr‘cTan[ +

-bt1-8an13+3bm13-3ba1° + brl? Cos[c+dx] -1
Sin[c +d x]

iblog[1l-2Cos[c+dx] =l +x1?] +24aArcTan]| 112 -
Cos[c+dx] -#1

Sin[c +d x]

10 b ArcTan | | #1%-12ialog[1-2Cos[c+dx] #l+n1?] 21+
Cos[c+dx] -#1

Sin[c +dx]

5iblog[l-2Cos[c+dx]al+51?] #1%-24aArcTan]| H1% +
Cos[c+dx] -#1

Sin[c +dx]

10 b ArcTan| | #1*+121ialog[1-2Cos[c+dx] #l+m12] 51% -
Cos[c+dx] -#1

Sin[c +dx]

5iblog[l-2Cos[c+dx]al+u1?|n1%+2bArcTan| 516 -

Cos[c+dx] -#1

ibLlog[1l-2Cos[c+dx]#Hl+nl?] 1116) &]

Problem 217: Result is not expressed in closed-form.

Csc[c+dx]
J dx
(a—bSin[c+dx]“)2

Optimal (type 3, 325leaves, 11 steps):

bl/4 ArcTan { b'/4 Cos[c+d x ] bl/4 ArcTan [ b'/4 Cos [c+d x ]
S Ve b

s’ (Va Vb |"Md a2[Va b d

pl/4 Ar‘cTanh[—;]-bl’/‘lcos cudxl ] pi/a Ar‘cTanh[—‘—]-bmCOS cedx] |

ArcTanh[Cos[c +dXx]] \JVa b Va b
+ + -
azd 8 a3/2 (\/?+\/F)3/zd 2 a2 \/?+W d

bCos[c+dx] (2-Cos[c+dx]?)

4afa-b)d(a-b+2bCos[c+dx]?-bCos[c+dx]*)

Result (type 7, 600 leaves):
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1 ( 16ab (-5Cos[c+dx] +Cos|3 (c+dx)])

32a’d | (a-b) (8a-3b+4bCos[2 (c+dx)]|-bCos[4 (c+dx)])

32Log[Cos[l (c+dx)]] +32Log[$in[1 (c+dx)]] - " i b RootSum |
2 2 a-

1

-b#l-8an1®+3bx13-3bal®+ bul’
Sin[c+dx] ]
4

b-4bn12-16an1*+6bnl*-4bn1®+br1® &,

Sin[c+dx]

| +8bArcTan|
Cos[c+dx] -#1 Cos[c+dx] -#1

5ialog[l-2Cos[c+dx]al+51?] -41iblog[l-2Cos[c+dx] al+n12] +

Sin[c +dx] ) Sin[c +dx]

BSaAr‘cTan[ ]111 —24bAr‘cTan[
Cos[c+dx] -#1 Cos[c+dx] -H1

191ialog[l-2Cos[c+dx] =1 +H1?| #1%+ 121 b Log[1-2Cos[c+dx] #l +#1?] 512 -

Sin[c +dx] 4 Sin[c +dx]

38 aArcTan| | #1% + 24 b ArcTan |
Cos[c+dx] -#1 Cos[c+dx] -#1

19ialog[l-2Cos[c+dx] =l +#1?| #1*-121iblog[l-2Cos[c+dx]#l+51?| #1%+

Sin[c+dXx] Sin[c+dx]

[7 10 a ArcTan|

| m12 -

} 714 +

716 -

10 a ArcTan| | #1° -8 b ArcTan|

Cos[c+dx] -#1 Cos[c+dx] -#1

5ialog[l-2Cos[c+dx] a#l+#H12| #1°+41ibLog[l-2Cos[c+dx]al+H1?] n16] &|

Problem 224: Result is not expressed in closed-form.

Sin[c+dx]°?
J( dx

a-bsin[c+dx]*)?

Optimal (type 3, 315leaves, 6 steps):

(5a—14d?ﬁ+12 b) ArcTan [ b Coslerdxl | (5a+14\/?\/F+12 b) ArcTanh [ B Cosleedxl |

Jvavb Va /b
64+/a (Va /b)) b 64+/a (Va /b7 b9 g

aCos[c+dx] (a+b-bCos[c+dx]?)

+

8 (a-b)b?d(a-b+2bCos[c+dx]2-bCos[c+dx]*)?
Cos[c+dx] (9a?-11ab-10b?>-2 (2a-5b) bCos[c+dx]?)

32 (a-b)?b2d (a-b+2bCos[c+dx]2-bCos[c+dx]?)

Result (type 7, 785leaves):
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1
128 (a-b)?b%d
(8a-3b+4bCos[2 (c+dx)|-bCos[4 (c+dx)])) -
512a (a-b) Cos[c+dx] (2a+b—bCos[2 (c+dx)])

[—((32C05[c+dx] (-9a’+13ab+5b?+ (2a-5b) bCos[2 (c+dx)])) /

+

(-8a+3b-4bCos[2 (c+dx)|+bCos|4 (c+dx>])2

1
i RootSum[b-4b1? -16an1*+6bnl* - 4bu1® + bni® g,

-br1-8an1®+3bH13-3bu1®+bnal’

Sin[c +dx] Sin[c +dx] ]
+

—4abAr‘cTan[ ] +10b? Ar‘cTan[
Cos[c+dx] -#1 Cos[c+dx] -1
2iablog[1-2Cos[c+dx] #l+#1?] -5ib?Log[l-2Cos[c+dx]#l+u1?] -

Sin[c +dx] Sin[c +dx]

20 a* ArcTan| | #12 + 56 ab ArcTan| 12 -

Cos[c+dx] -#1 Cos[c+dx] -#1

Sin[c+dx
78 b? ArcTan | [c+dx]

| #12+ 101 a® Log[1-2Cos[c+dx] 1l +51?] 112 -
Cos[c+dx] -#1

28iablog[l-2Cos[c+dx]nl+n1?|m1%+391ib’Log[1-2Cos[c+dx]Hl+nl?| =12+

Sin[c+dx] Sin[c +dx] -
i

20 a® ArcTan | | #1* - 56 ab ArcTan|

Cos[c+dx] -#1 Cos[c+dx] -#1
Sin[c+dx]

78 b? ArcTan| | #1%* - 101 a’ Log[1-2Cos[c+dx] 5l +u1%] #1* +

Cos[c+dx] -#1
28iablog|[l-2Cos[c+dx]nl+n1?|m1%-391ib%Log[1-2Cos[c+dx]Hl+nl?| 51+

Sin[c+dx] 6 ) Sin[c+dx]
4abArcTan| | #1° - 1@ b? ArcTan |
Cos[c+dx] -#1 Cos[c+dx] -#1

716 -

2iablog[1-2Cos[c+dx] #l+x12] #1°+ 51 b?Log[1-2Cos[c+dx] =1 +H1?] 1116) &|

Problem 225: Result is not expressed in closed-form.

Sin[c+dx]7
J dx

(a—bSin[Cerx}“)3

Optimal (type 3, 290 leaves, 6 steps):

3 (\/? - 2\/?) Ar‘cTan[gf—L"l’mCOS cdxL] 3 (\/a_+ ZW) Ar‘cTanh[—[—meCOS cedx] |

Jvab JVasb
64\E(x/?—\m)5/2b7/4d 64\H(ﬁ+ﬁ)5/2b7/4d

aCos[c+dx] (2-Cos[c+dx]?)

+

8 (a-b)bd (a—b+2bCos[c+dx}2—bCos[c+dx}“>2

Cos[c+dx] (5a-17b-3 (a-3b) Cos[c+dx]?)

32 (a-b)®bd (a-b+2bCos[c+dx]?-bCos[c+dx]*)

Result (type 7, 630leaves):
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1 32Cos[c+dx] (-7a+25b+3 (a-3b) Cos[2 (c+dx)])

+

256 (afb)zbd 8a-3b+4bCos[2 (c+dx)]-bCos[4 (c+dx)]

512a (a-b) (-5Cos[c+dx] +Cos[3 (c+dx)])

(—8a+3b—4bCos[2 (c+dx)] +b Cos [4 (c+dx)])2 )
3 i RootSum|[b-4bn1?-16am1%+6bnl* -4bn1® +bnlf &,

1 Sin[c+dx]
2aArcTan| | -
-bm1-8an1®+3br13-3ba1’+ bnl’ Cos[c+dx] -1
Sin[c +dx]

6 b ArcTan| | -ialog[1-2Cos[c+dx]nl+nl?] +
Cos[c+dx] -#1

Sin[c+dx]

3iblog[1-2Cos[c+dx]nl+nl?| -6aArcTan| 112 +

Cos[c+dx] -#1
Sin[c +dx]

34bArcTan| | #12+3ialog[1-2Cos[c+dx] ul+nl?| 11 -
Cos[c+dx] -#1

Sin[c +dx]

17iblog[l-2Cos[c+dx] =l +#1?] 512 + 6 aArcTan]| | =% -

Cos[c+dx] -#1
Sin[c +dx]

34 b ArcTan| | m1*-31ialog[1-2Cos[c+dx]Hl+nl?] w1+

Cos[c+dx] -#1
Sinf[c +dx]

Cos[c+dx] -#1

716 +

17iblog[1-2Cos[c+dx] 11 +51?| 11* - 2aArcTan|

Sin[c +dx]
Cos[c+dx] -#1

6 b ArcTan| | #1°+ialog[1-2Cos[c+dx] =l +#H12] #1° -

3iblog[1-2Cos[c+dx] al+nl?] m"] &]

Problem 226: Result is not expressed in closed-form.

Sin[c+dx]?
J dx
(a-bsSin[c+dx]*)?

Optimal (type 3, 313 leaves, 6 steps):

(3a—10\/?\/F+4b) Ar‘cTan[—‘—Lbl/“COS cedx] | (3a+10x/?x/?+4b) Ar‘cTanh[—;Lbl/nc“ cedxl |

JVa b JVa b

.
642%2 (va -+/b | " bs/4d 64272 (va +v/b | " b4 d

Cos[c+dx] (a+b-bCos[c+dx]?)

+

8 (a-b)bd(a-b+2bCos[c+dx]2-bCos[c+dx]*)?
Cos[c+dx] (a®-1lab-2b?+2b (2a+b) Cos[c+dx]?)

32a (a—b)zbd (a-b+2bCos[c+dx]?-bCos[c+dx]*)

Result (type 7, 786 leaves):
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1 32Cos[c+dx] (a®>-9ab-b?+b (2a+b) Cos[2 (c+dXx)])

128 (a-b)*bd a(8a-3b+4bCos[2 (c+dx)]|-bCos[4 (c+dx)])

512 (a-b) Cos[c+dx] (2a+b-bCos[2 (c+dx)])

(—8a+3b—4bCos[2 (c+dx)]| +bCos|4 (c+dx>])2

1JiRootSum[b—4btt12—16a1114+6b1114—4btt16+b1118 &,

a
1 Sin[c +dx]

4abAr‘cTan[ ]+
-bt1-8an13+3bm13-3ba1° + brl? Cos[c+dx] -ul

Sin[c +dx]

2b? ArcTan| | -2iablog[1-2Cos[c+dx] al+m1?] -
Cos[c+dx] -#1

Sin[c +dx]

ib?Log[1-2Cos[c+dx]nl+H1?| +12a?ArcTan]| | m12 -

Cos[c+dx] -#1

Sin[c+dx] Sin[c+dx]

64 abArcTan| | #1% + 1@ b? ArcTan | | m12 -

Cos[c+dx] -#1 Cos[c+dx] -#1
6ia?log[l-2Cos[c+dx] a#l+m1?| #1%+32iablog|[l-2Cos[c+dx]al+Hl?|m1? -
Sin[c +dx]
Cos[c+dx] -#1
Sin[c +dx]

714 +

51 b%Log[1-2Cos[c+dx]#Hl+51%] 512 - 12 a? ArcTan]|

Sin[c +dx]

64 ab ArcTan 1% - 10 b? ArcTan 714 +
[ ]

Cos[c+dx] -#1 Cos[c+dx] -#1
6ia?log[l-2Cos[c+dx] a#l+#H12| #1*-32iablog[l-2Cos[c+dx]al+H1?| #1%+
Sin[c+dx]

5ib?Log|[1-2Cos[c+dx]#l+u1?| #1* -4abArcTan| 11° -

Cos[c+dx] -#1
Sinf[c +dx]

Cos[c+dx] -#1

2b% ArcTan]| | #1°+2iablog[1-2Cos[c+dx] #l+n1?| #1°+

ib?Log[1-2Cos[c+dx] a1 +nu1?] ms) &

Problem 227: Result is not expressed in closed-form.

Sin[c+dx]3
J( dx

a-bsin[c+dx]*)?

Optimal (type 3, 288 leaves, 6 steps):

(5 Va - 2\/?) Ar‘cTan[—‘—M’mCOS crdx ] (5 Va +2 \/F) Ar‘cTanh[—[—Lbi/AC"S crdx ]

Ew Ve e
642> (va /b )" p2/4d 642%2 (va + /b )" " b2/ d

Cos[c+dx] (2-Cos[c+dx]?)

8 (a-b)d (a—b+2bCos[c+dx]2—bCos[c+dx}“)2
Cos[c+dx] (11a+b- (5a+b) Cos[c+dx]?)

32a(a-b)*d(a-b+2bCos[c+dx]?-bCos[c+dx]*)

Result (type 7, 631 leaves):
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1 32Cos[c+dx] (-17a-b+ (5a+b) Cos[2 (c+dX)|)

+

256 (a-b)?d |a(8a-3b+4bCos|[2 (c+dx)]-bCos[4 (c+dx)])

512 (a-b) (-5Cos[c+dx] +Cos[3 (c+dx)])

+

(—8a+3b—4bCos[2 (c+dx)] +b Cos [4 (c+dx>])2
1JiRootSum[b—4btt12—16a1114+6b1114—4btt16+b1118 &,
a

1 Sin[c +dx]
10aAr‘cTan[ } +

-bt1-8an13+3bm13-3ba1° + brl? Cos[c+dx] -f1
Sin[c +dx]

2bArcTan -5ialog|l-2Cos[c+dx] f#l+H1%]| -
[ ] [

Cos[c+dx] -#1

Sin[c+dx
e~ ] 712 +

iblog[1-2Cos[c+dx] =l +u1?] -94aArcTan|
Cos[c+dx] -##1

Sin[c+dx]

1@ b ArcTan| | #1%+47ialog[1-2Cos[c+dx] #l+m12] 51? -

Cos[c+dx] -#1

Sin[c+dx
[c+dx] 714 -

5iblog[l-2Cos[c+dx]nl+u1?|n1%+94aArcTan|
Cos[c+dx] -#1

Sin[c+dx]

10 b ArcTan | | #1%*-471ialog[1-2Cos[c+dx] #l+u1?] 51%+

Cos[c+dx] -##1

Sin[c+dx
[ ] 16 _

5iblog[l-2Cos[c+dx]nl+u1?| n1%-10aArcTan|
Cos[c+dx] -#1

Sin[c+dx]

2bArcTan| | #1°+51iaLlog[1-2Cos[c+dx]Hl+n1?| #1°+

Cos[c+dx] -#1

ibLlog[l-2Cos[c+dx]#Hl+a1?] 1:16) &]

Problem 228: Result is not expressed in closed-form.

Sin[c +dx]
J dx
(a—bSin[c+dx]“)3

Optimal (type 3, 313 leaves, 6 steps):

3(7a-10+a Vb +4b) ArcTan[2fCoslcxdxl] 3 (75,103 /b +4b) ArcTanh | 2icosicadxl

64252 (Va - /b | " bt/td 642%2 (Va +/b | " bt d

Cos[c+dx] (a+b-bCos[c+dx]?)

8a(a-b)d (a—b+2bCos[c+dx]2—bCos[c+dx}“>2 i

Cos[c+dx] ((7a-3b) (a+2b) -6 (2a-b) bCos[c+dx]?)

32 a2 (a—b)zd (a-b+2bCos[c+dx]2-bCos[c+dx]*)

Result (type 7, 784 leaves):
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1 32Cos[c+dx] (7a?+5ab-3b2+3b (-2a+b) Cos[2 (c+dx)])

128 a2 (afb)zd 8a-3b+4bCos[2 (c+dx)]-bCos[4 (c+dx)]

512a (a-b) Cos[c+dx] (2a+b-bCos[2 (c+dx]])

(-8a+3b-4bCos[2 (c+dx)|+bCos|4 (c+dx>])2

3 i RootSum|[b-4bn1?-16am1%+6bnl* -4bn1® +bnlf &,

1 Sin[c+dx]
4abArcTan| |-

-bm1-8an1®+3br13-3ba1’+ bnl’ Cos[c+dx] -1
Sin[c+dx]

2b? ArcTan| | -2iablog[1-2Cos[c+dx]fl+nl?] +

Cos[c+dx] -#1

o ) ) Sin[c+dx] )
ib?Log[1-2Cos[c+dx] nl+nl?] - 28a”ArcTan| | #2124
Cos[c+dx] -#1
Sin[c+dx Sin[c+dx
24abArcTan| [c+dx] | #12 - 10 b? ArcTan| [c+dx] | #2124
Cos[c+dx] -#1 Cos[c+dx] -#1

141ia’log[l1-2Cos[c+dx]nl+n1?| #1%2-12iablog[1-2Cos[c+dx]Hl+nl?| 12+
Sin[c+dx]

5ib”Log[1-2Cos[c+dx] =l +n1%| 112+ 28 a? ArcTan]| H14 -
Cos[c+dx] -#1
Sin[c+dx Sin[c+dx
24 abArcTan| [ ] | #11* + 18 b ArcTan | : ] | m1% -
Cos[c+dx] -#1 Cos[c+dx] -#1

141ia’log[1-2Cos[c+dx]nl+#1?| #1*+12iablog[1-2Cos[c+dx]Hl+n1?| 51 -

Sin[c+dx
e~ ] 718 +

5ib?Log[1-2Cos[c+dx] =l +n1%| #1% -4abArcTan|
Cos[c+dx] -#1

Sin[c+dx]

2b? ArcTan| | #1°+2iablog[1-2Cos[c+dx] ul+m1?] 51° -

Cos[c+dx] -#1

ib?Log[1-2Cos[c+dx]nl+l?] mGJ &

Problem 229: Result is not expressed in closed-form.

J Csc[c+dx] dx

(a—bSin[c+dx]“)3

Optimal (type 3, 617 leaves, 16 steps):
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(5 Va -2 \/F) bl/4 Ar‘cTan[gf—Lbl’mCos cedxL] pia Ar‘cTan[gf—Lbl/aCOS —
Vaw Vs Ve

64 a35/2 (\/;*\/F)S/Zd 8 2572 (\57\5)3/2d
bl/4 ArcTan [ b'/* Cos[c+d x] bl/4 ArcTanh [ bY/4 Cos[c+d x|
Va -\/b ArcTanh[Cos[c +d Xx] ] NN
- +
2a°+/va -/o d a*d 8252 (va +vb )"

bl/4 Ar‘cTanh[M} (5\/?+2W) pl/4 Ar‘cTanh[M}

5/2
2a3+/+Va ++/b d 64a5/2(ﬁ+\/3) d

bCos[c+dx] (2-Cos[c+dx]?)

8a(a-b)d (a—b+2bCos[c+dx]2—bCos[c+dx}“>2

bCos[c+dx] (2-Cos[c+dx]?)

4a%(a-b)d(a-b+2bCos[c+dx]?-bCos[c+dx]*) )
bCos[c+dx] (11a+b- (5a+b) Cos[c+dx]?)

32a2 (a-b)?d (a-b+2bCos[c+dx]2-bCos[c+dx]?*)

Result (type 7, 920 leaves):
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32abCos[c+dx] (-41a+23b+ (13a-7b) Cos[2 (c+dx)])
.

256 a%d (a—b)2 (8a—3b+4bCos[2 (c+dx>] -bCos[4 (c+dx)”

512a%b (-5Cos[c+dx] +Cos[3 (c+dx)])

(a-b) (-8a+3b-4bCos[2 (c+dx)|+bCos[4 (c+dx)”2

256 Log[Cos[% (c+dx)]] +256 Log[Sin[% (c+dx)]]- <a_1b>2]1bRootSum[

1
b-4bnr1?2-16an1*+6bnl*-4bn1%+bm1® &,

-bnl-8an1®+3bx13-3bH1% + bnl’

Sin[c+dx]
| +142abArcTan| -
Cos[c+dx] -#1 Cos[c+dx] -#1

Sin[c+dx]

Sin[c +dx]

-90 a? ArcTan |

64 b2 ArcTan | | +451i a®Log[1-2Cos[c+dx] ul+H1?]| -

Cos[c+dx] -#1
71iablog|[l-2Cos[c+dx]nl+n1?] +32ib?Llog[l-2Cos[c+dx]ul+u1?]+

) Sin[c+dx] ) Sin[c+dx] )
398 a® ArcTan | | #1% - 586 ab ArcTan| H12 +
Cos[c+dx] -#1 Cos[c+dx] -#1
Sin[c+dx]

192 b? ArcTan |

| #12-199 i a® Log[1-2Cos[c+dx] #l + #12] n1? +
Cos[c+dx] -#1

253 iablog[1-2Cos[c+dx]#l+n1%| 512 -961i b? Log[1-2Cos[c+dx] #l+112] #1? -

) Sinf[c +dx] 4 Sin[c +dx] 4
398 a? ArcTan | | #1* + 506 ab ArcTan | H14 -
Cos[c+dx] -#1 Cos[c+dx] -1
Sin[c +dx]

192 b ArcTan | | #1% +199 i a? Log[1 -2 Cos[c+dx] #1 + #12] #1% -

Cos[c+dx] -#1
253iablog[1-2Cos[c+dx]#Hl+51%] #1*+ 961 b? Log[1-2Cos[c+dx] #l +#12] 51%+
Sin[c +dx] Sin[c +dx]

90 a’ ArcTan| | #1°-142abArcTan| 118+

Cos[c+dx] -#1 Cos[c+dx] -H1
Sin[c +dx]

64 b? ArcTan | | #1°-45i a’Log[1-2Cos[c+dx] #l+n1%| 11®+71ia

Cos[c+dx] -#1

blog[1-2Cos[c+dx]nl+#1?] #1°-321b?Log[1-2Cos[c+dx] a1 +11?] J:tlsj &

Problem 237: Result unnecessarily involves imaginary or complex numbers.

1

— dx
a+bSin[x]*

Optimal (type 3, 487 leaves, 10 steps):
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1/4 B B 3/
( /a ++/a+b ) Ar‘cTan[a v a+b-+/a ~/a+b 2 (a+b)3/* Tan[x ]
/s \[arbra Vaib

2\/7a3/4 (a+b>1/4\/a+b+\/?\/a+b

1/4 _ 3/a
( [a + /a+b)Ar‘cTan[a’ \Ja+b-/a Jarb_ +\/2 (a+b)¥*Tan|x ]
al/*\[a+b+/a a+b

2\/?33/4 (a+b>1/4\/a+b+\5\/a+b
( \/?—\/a+b)Log[\/; (a+b)1/4—\/7a1/4\/a+b—\/?\/a+b Tan[x] + (a+b)3/4Tan[x]2]]/

(
[4\/?a3/4 (a+b>1/4\/a+b7\/?\/m)f
((\/?—\/m) Log[Va (a+b)1/4+\/7a1/4\/a+b—\/?\/m Tan[x] + (a+b)3/4Tan[x]2]]/

[4ﬁa3/4 (a+b>1/4\/a+b7\/?\/m)

Result (type 3, 148leaves):

- (ﬁ—iﬁ) a+i+a b ArcTan| a+i\/?\/FTan[x]]_
2a(a+b) Ja
Va /b Tan [x]

(\EH'U/F) ~a+i+va Vb ArcTanh| et ]

Va

Problem 238: Result unnecessarily involves imaginary or complex numbers.

1
Ji dx
1+Sin[x]*4

Optimal (type 3, 309 leaves, 10 steps):

NETN N TN COS[X]27(72+\5) Cos[x] Sin[x]
ArcTan | ]
X 241/ 144/2 + (—2+ﬁ) Cos[x]2-2+/ -1+1/2 Cos[x] Sin[x]

24/ -1++/2 4~ -1++/2

[ \/—1+\/7 —2\/—1+ﬁ Cos[x]2+(—2+\/7) Cos [x] Sin[x]
244/ 144/2 +(72+ﬁ) Cos[x]2+2+/ -1++/2 Cos[x] Sin[x]

4~ -1++/2
~1++/2 Log[V2 -2+/-1++/2 Tan[x] +2Tan[x]?] +

+
|

ArcTan

[
~1+/2 Log[1+ 2(71+ﬁ) Tan[x] ++/2 Tan[x]?]

1
8
1
8
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Result (type 3, 45leaves):
ArcTan [\/ 1-1i Tan[X] ] ArcTan [\/ 1+1 Tan[x] ]
+
2+/1-1 24/1+1

Problem 239: Result unnecessarily involves imaginary or complex numbers.

Jsin[c+dx} \/aerSin[Cerx]4 dx

Optimal (type 4, 477 leaves, 5steps):

Cos[c+dx] \/a+b—2bCos[c+dx]2+bCos[c+dx]4
3d

+

2+/b Cos[c+dx] \/a+b—2bCos[c+dx]2+bCos[c+dx}4
3+/a+b d (1+ Vb Cos[c+dx]2)

a+b

\/b Cos[c+dx]2 a+b-2bCos[c+dx]2+bCos[c+dx]*
.

2bY* (a+b) 3/4 [1

Va+b (a+b) 1, Vb Cos[c+dx]2)2
Jab
1/4
EllipticE[ZAr‘cTan[b Cosfc+dx] B 1 + Vb ]] /
(a+b)?* 2 Vaib

(3d\/a+b—2bCos[c+dx]2+bCos[c+dx}4

a+b-2bCos[c+dx]2+bCos[c+dx]*

2
L[—]i
1 b Cos[c+dx

a+b

2
(a+b)%* (VB ~arp) |1, Yo Coslerdx]
Va+b

<a+b>

EllipticF [2 ArcTan [

I/

b1/4Cos[c+dx1} 1( b
2

14—
(a+b)1/4 a+b

(3|:,1/4d\/a+b_2|:,Cos[c+dx}2+bCos[c+dx]4

Result (type 4, 542 leaves):
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Cos[c +dx] \/8a+3b—4bCos[2 (c+dx)} +bCos[4(c+dxH

62 d

1

+

4 2\2
3d Sec[c+dx]2 (1+Tan[c+dx]2)3/2 bTan[c+dx]*+a (1+Tan[c+d x]?)
(1+Ta\n[c+dx]2)2

2Sec[c+dx] |a+2aTan[c+dx]?2+aTan[c+dx]*+bTan[c+dx]*-

\/ i (a—jx/?x/?a Tan[c+d x]2+b Tan[c+d x]z)

|+

~i+/b EllipticE[ArcSin| o Ve B 2v/a
V2 Va -i+b
\/ i (aqix/?x/?m Tan[c+d x]2+b Tan[c+d x]z)
(\/?+ i \/F) EllipticF [ArcSin| Va b ]
V2
2/a | (-iva +v/b ] (1+Tan(c+dx]?)
Va -i+b Vb

i (a—1'1\/?\/F+aTan[c+dx]2+bTan[c+dx}2)
Va Vb

(—J‘l\/FTan[c+dx]2+\/? (1+Tan[c+dx]2)) /

i (a+j\/?\/FJraTan[c+dx]2+bTan[c+dx}2)
Va Vb

Problem 240: Unable to integrate problem.

JCsc[c+dx} \/aerSin[Cerx]4 dx



Mathematica 11.3 Integration Test Results for 4.1.7 (d trig)~m (a+b (c sin)”~n)”p.nb | 45

Optimal (type 4, 521 leaves, 8 steps):
A/ia Ar‘cTan[ -a Cos[c+dx] }

a+b-2bCos[c+dx]2+bCos[c+dx]*

2d

+

Cos[c+dx]/a+b-2bCos[c+dx]“+bCos[c+dXx]
b d b-2b dx]2+b dx]4
Jaib d (1+ /b Cos[c+dx]?

a+b

\/b Cos[c+dx]? a+b-2bCos[c+dx]2+bCos[c+dx]*
N

b'/* (a+ b)3/4 1

m (aer) (1+3[b Cos Cerxz)2
a+b
1/4
EllipticE[ZAr‘cTan[b Cosfc+dx] B 1 1+ Vb ]] /
(a+b)?* 2 Vatb

(d\/a+b—2bCos[c+dx]2+bCos[c+dx]4

) \/b Cos[c+dx]? a+b-2bCos[c+dx]?2+bCos[c+dx]*
+

(a+b)"* (Vb -+arb |’

JVa+b (a+b) (1+M)2
a+b
\/?+\/a+b 2 1/4
Ellipticpi[( ),2ArcTan[b Cosferdx]) 11y, Vb }/
4vb Vaib (aeo) 2T yain

(4|;>1/4d\/a+b_2|9cOs[c+dx}2+bCos[c+dx]4

Result (type 8, 25leaves):

JCsc[c+dx} \/a+bSin[c:+dx]4 dx

Problem 241: Attempted integration timed out after 120 seconds.

Sin[c+dx]?
dx

\/a+bSin[c+dx]4

Optimal (type 4, 484 leaves, 5steps):
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Cos[c+dx] \/a+b—2bCos[c+dx]2+bCos[c+dx]4
3bd

+

2Cos[c+dX] \/a+b72bCos[c+dx]2+bCos[c+dx}4
34/ /arb d (1 b coniesat)

a+b

5 (a+b)3/4 {1+\/FCos[c+dx]2] a+b-2bCos[c+dx]?2+bCos[c+dx]*

Va+b (a+b) (1+M)2

a+b

1/4
EllipticE[ZAr‘cTan[b Cos[c+dx}})l 1+ Vb, ]/
(a+b)?* 2 Va+b

+ (a+b)1/4 (a—2b+2\/F\/a+b)

(3b3/4d\/a+b_2bCos[c+dx12+bCos[c+dx]4

a+b-2bCos[c+dx]%2+bCos[c+dx]*
(a+b) (1+3[b Cos c+dx2)2

a+b

[1 /b Cos[c+dx]2
N
Va+b

b'/4 Cos[c +dx 1 Vb
E1lipticF |2 ArcTan| exdx)) 2 (1+
2

(a+b)1/4 Va+b

I/

[5[;5/4dJa+b72bCos[c+dx}2+bCOS[C+d><]4

Result (type 1, 1leaves):
22?

Problem 242: Result more than twice size of optimal antiderivative.

Sin[c+dx]3

dx

\/aerSin[Cerx]4

Optimal (type 4, 431 leaves, 4 steps):
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Cos[c+dx] \/a+b—2bCos[c+dx}2+bCos[c+dx]4
Vb Va+b d(l+M)

a+b

a+b-2bCos[c+dx]2+bCos[c+dx]*

2
(a+ ) (1+\/FCos[c+dx]
Vva+b

(a +b> (1+ \/b Cos[c+dx]z)2

a+b

1/4
E1liptice[2 arcTan[ 2 —oslerdx]) 1 (1+ Vb
arb)e 2

(b3/4d\/a+b—2bCos[c+dx]2+bCos[c+dx]4

b Cos[c+dx]? a+b-2bCos[c+dx]2+bCos[c+dx]*
(a+b) ¥ (Vb - Varp) [1, Yo Coslerdu®) fan [c+dx]?+bCos[c+dx]
Va+b

2
L[—]i
1 b Cos[c+dx

\ a+b

<a+b>

1/4
EllipticF[2 arcTan[ 2 0sl€+dx]) 1 (1+ Vb
(a+b)1/4 2

Vva+b

1/

(2b':‘/4d\/a+b_2bCos[c+dx}2+bCos[c+dx]4

Result (type 4, 35489 leaves): Display of huge result suppressed!

Problem 243: Result more than twice size of optimal antiderivative.

Sin[c+dx]

dx

\/a+bSin[c+dx]4

Optimal (type 4, 171 leaves, 2 steps):

/b Cos[c+dx]2
N
Va+b

- (aer)l/4 1

a+b-2bCos[c+dx]2+bCos[c+dx]*

(a+b) (1+ /b COS[C+dX]Z)2

a+b

1/4
EllipticF [2 ArcTan| > osl€rdXly il Vb }/
o) 2l e

(2b1/“d\/a+bfszos[c+dX]2+bC05[C+0'X14
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Result (type 4, 13300 leaves):

(Root[a+4atl+ (6a+16b) H1?+4anl®+ani®g, 2] -

sﬁEllipticF[ArcSin[\/(

Root[a+4anl+ (6a+16b) 1> +4anl’®+auls, 4])

~Root[a+4anl+ (6a+16b) #1?+4ani®+ani® g, 1] +Tan[1 (c+dx)]2)]/
2

(Root[a+4anl+ (6a+16b) #1?+4anl®+anl* g, 1] -

Root[a+4anl+ (6a+16b) 1> +4anl’®+aulg, 4])

~Root[a+4anl+ (6a+16b) #1?+4anl®+ani® g, 2| +Tan[1 (c+dx)]2)])],
2

((Root[a+4anl+ (6a+16b) H1>+4anl’+anl*&, 2| -
Root[a+4anl+ (6a+16b) 11> +4anl’+anl*&, 3])
(Root[a+4anl+ (6a+16b) #1?+4an1®+ani* &, 1] -
Root[a+4anl+ (6a+16b) n1>+4anl’+anl*&, 4])) /
((Root[a+4ani+ (6a+16b) H12+4anl’®+anl*&, 1] -
Root[a+4anl+ (6a+16b) 112 +4anl’+anl*&, 3])
(Root[a+4anl+ (6a+16b) n1®+4anl®+anl*g, 2] -
Root[a+4anl+ (6a+16b) 1> +4anl’®+anl*&, 4])) |
(Root[a+4anl+ (6a+16b) #1?+4anl®+anl* g, 1] -
Root[a+4anl+ (6a+16b) 11> +4anl’®+anl®&, 4]) Sin[c+dx]

2
~Root|[a+4arl+ (6a+16b) #1?+4an1®+ani* g, 2| +Tan[1 (c+dx)]2)
2

J(((Root[a+4aﬁ1+ (6a+16b) #12+4a01®+an1* &, 1] -

Root[a+4anl+ (6a+16b) n1*+4anl’®+anl® g, 2|)

~Root[a+4atl+ (6a+16b) 11%+4an1®+anl*g, 3] +Tan[1 (C+dx)]2)]/
2

(Root[a+4anl+ (6a+16b) nl®+4anl®+anl*g, 1] -

Root[a+4anl+ (6a+16b) n1*+4anl’®+anl® &, 3])

~Root[a+4atl+ (6a+16b) 11%+4an1®+anl*g, 2] +Tan[1 (C+dX)]2)])
2

\/(((Root[a+4am1+ (6a+16b) 112 +4an1’®+anl* &, 1] -

Root[a+4anl+ (6a+16b) n1?+4anl’®+anl® &, 2])
(Root[a+4anl+ (6a+16b) n1?+4anl®+ani®g, 2] -
Root[a+4anl+ (6a+16b) n1®+4anl’®+anl® &, 4])

“Root[a+4anls (6a+16b) #1? +4an1®+an1t g, 1] « Tan[ = (c+dx)]2)
2

Root[a+4ax1 - (6a+16b) w1t s 4351’ v asate, 4] +Tan[ > [crax)]’]) /
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+anl* g, 1] -
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Root[a+4arl+ (6a+16b) #12+4am®+anl®&, 4])?

2
-Root[a+4anl+ (6a+16b) n1%+4anl®+anl®g, 2] +Tan[1 (c+dx)]2) )]J/
2

d\/8a+3b—4bCos[2 (c+dx)] +bCos[4 (c+dx)]

(-Root[a+4anl+ (6a+16b) H1>+4anl’®+anl® &, 1] +
Root[a+4anl+ (6a+16b) H1>+4anl’+anl*&, 2|)

(Root[a+4anl+ (6a+16b) #1?+4anl®+anl® g, 2| -
Root[a+4anl+ (6a+16b) 11> +4anl’+anl* &, 4])

16bTan[} (c+dx)]* a1 Tan[} (codx) )

(1+Tan[l (c+dx)] ]2

2 4

(1+Tan[§ (c+dx)]2)
- [8 EllipticF[Ar‘cSin[\/(((Root[a+4aﬁ1+ (6a+16b) #12+4an1®+anl* &, 2| -

Root[a+4anl+ (6a+16b) #12+4an1®+an1*&, 4]) |-Root|

a+danl+ (6a+16b) 11> +4anl®+anl® g, 1] +Tan[1 (c+dx”2])/
2

(Root[a+4anl+ (6a+16b) #1?+4anl®+anl® &, 1| - Root|

a+danl+ (6a+16b) n1*+4an1®+anl®&, 4|) |-Root[a+4anl+

(6a+16b) 112+ 4an1® + anl® &, 2] +Tan[l (c+dx)}2])]],
2

((Root[a+4anl+ (6a+16b) 11*+4an1®+anl*&, 2| -Root|[a+4anl+
(6a+16b) 112 +4an1®+anl*&, 3]) (Root[a+4anl+ (6a+16b) n1®+
4anl’®+anl*&, 1] -Root|a+4aul+ (6a+16b) nl’+4anl®+anl®g,

4]))/ ((Root[a+4anl+ (6a+16b) n1%+4an1®+anl®g, 1] -
Root[a+4anl+ (6a+16b) 11?2 +4anl’+anl* &, 3])
(Root[a+4anl+ (6a+16b) n1?+4anl®+anl®g, 2] -
Root[a+4anl+ (6a+16b) H1>+4anl’+anl*&, 4])) ]
(Root[a+4atnl+ (6a+16b) H1?+4an1®+anl® &, 1] -Root[a+4anl+

(6a+16b) 11>+ 4au1®+anl® &, 4]) Sec[l <c+dx)]2Tan[l (c+dx)]
2 2

~Root[a+4anl+ (6a+16b) #1?+4anl®+ani® g, 2| +Tan[1 (c+dx)]”

I |

(Root[a+4atl+ (6a+16b) H1?+4anl®+ani® g, 1] -

Root|a+4anl+ (6a+16b) #1?+4anl®+anl® &, 2|)
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~Root|[a+4anl+ (6a+16b) n1%+4anl®+anl®g, 3] +Tan[1 (c+dx”2])/
2

(Root[a+4atl+ (6a+16b) #1?+4an1®+anl* g, 1] -

Root[a+4anl+ (6a+16b) #12+4anl’+anl® &, 3])

~Root|[a+4anl+ (6a+16b) n1%+4anl®+anl®g, 2] +Tan[1 (c+dx”2])]
2

(Root[a+4anl+ (6a+16b) nl®+4anl®+anl*g, 1] -

/!

Root[a+4anl+ (6a+16b) 11> +4anl’+anl®&, 2|)
(Root[a+4anl+ (6a+16b) H1?+4ani®+ani*g, 2| -
Root[a+4anl+ (6a+16b) 11> +4anl’+anl* &, 4])

~Root|[a+4anl+ (6a+16b) n1%+4an1®+anl®&, 1] + Tan|

(c+dx”2]

eeax) 7|/

~Root|[a+4anl+ (6a+16b) n1%+4an1®+anl®&, 4] + Tan|

(Root[a+4atnl+ (6a+16b) H1?+4an1®+ani*g, 1] -

Root[a+4anl+ (6a+16b) #12+4anl®+anl*s, 4])? (—Root[a+4an1+
2
(6a+16b) 11> +4an1®+anl* &, 2| +Tan[l (c+dx)]2) J]J/
2
(-Root[a+4anl+ (6a+16b) 11> +4anl’®+anl®&, 1| +Root|[a+4anl+

(6a+16b) m1?+4an1®+anl*&, 2|) (Root[a+4anl+ (6a+16b) 1%+
4anl’®+anl*&, 2| -Root|a+4anl+ (6a+16b) ul’+4anl®+anl®g, 4])

<c+dx)]2J2 16bTan[i (c+dx)]4+a (1+Tan[§ (c+dx)]2)4 .
(1+Tan[2 (crdx)]?)"

(1+Tan[

N =

(Root|a+4anl+ (6a+16b) n1®+4anl®+anl®g, 2| -

(8 EllipticF[Ar‘cSin[J{

Root[a+4anl+ (6a+16b) 11> +4anl’+anl* &, 4])

~Root[a+4anl+ (6a+16b) n1%+4anl®+anl® g, 1] +Tan[l (c+dx”2])/
2

(Root[a+4anl+ (6a+16b) H1?+4an1®+anl®g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’®+anl®&, 4|) |-Root|

a+danl+ (6a+16b) n1®+4anl’+anl® g, 2| +Tan[1 (c+dx)}2])]],
2

((Root[a+4anl+ (6a+16b) 11> +4anl’®+anl®&, 2| -Root[a+4anl+
(6a+16b) n1?+4an1®+anl* &, 3|) (Root[a+4arl+ (6a+16b) H1%+4a
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113 an1t g, 1] —Root[a+4aﬁ1+ﬂ(6\a+16Lb) #12 1 4an1d s anlt g, al))/
((Root[a+4anl+ (6a+16b) 11> +4anl’®+anl®&, 1| -Root |[a+4anl+
(6a+16b) 11?+4an1®+anl1*&, 3]) (Root[a+4anl+ (6a+16b) ni’+4a
113+ an1* &, 2] -Root[a+4anl+ (6a+16b) H12+4anl’®+anl*&, 4])) |
(Root[a+4anl+ (6a+16b) n1?+4anl’®+anl® &, 1| - Root|

a+4anl+ (6a+16b) nl®+4anl®+anl®y, 4]) Sec[1 <c+dx)]2Tan[E (c+dx”
2 2

2
-Root|[a+4anl+ (6a+16b) n1%+4anl®+anl®g, 2] +Tan[1 (c+dx)]2)

I |

(Root[a+4anl+ (6a+16b) H1?+4an1®+ani® g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl* g, 2|)

~Root|[a+4anl+ (6a+16b) n1%+4an1®+anl® &, 3] +Tan|

N |

o))/

(Root[a+4anl+ (6a+16b) H1?+4anl®+anl® &, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl* &, 3])

~Root[a+4anl+ (6a+16b) n1%+4an1®+anl®&, 2] +Tan|

N |

o1

(Root[a+4anl+ (6a+16b) #1?+4an1®+ani* &, 1] -Root[a+4anl+

/!

(6a+16b) 112 +4an1’+anl* &, 2|) (Root[a+4anl+ (6a+16b) nl”+
4anl’+anl*&, 2| -Root|a+4anul+ (6a+16b) nl’+4anl®+anl®g, 4])

~Root[a+4anl+ (6a+16b) n1?+4anl®+anl* g, 1 +Tan[1 (c+dx”2]
2

~Root|[a+4anl+ (6a+16b) n1%+4anl®+anl*g, 4 +Tan[1 (c+dx”2])/
2

(Root[a+4atl+ (6a+16b) H1?+4an1®+ani* g, 1] -

Root[a+4anl+ (6a+16b) 112 +4anl®+anl*s, 4])? (—Root[

2
a+4anl+ (6a+16b) 112 +4an1’+anl? g, 2] +Tan[l <C+dx)]2) J]J/
2

(-Root[a+4anl+ (6a+16b) 11> +4anl®+anl®&, 1] + Root|

a+danl+ (6a+16b) m12+4anl’+anl* g, 2|)
(Root|a+4anl+ (6a+16b) n1?+4anl®+anl®g, 2] -
Root[a+4anl+ (6a+16b) n1*+4anl’®+anl® &, 4])

sotan(d (eran ) | 22T () a1 venl) fer o) P
’ (1+Tan[i(c+dx)]2)
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[2 (Root[a+4anl+ (6a+16b) H1?+4anl®+anl® g, 1] -

Root[a+4anl+ (6a+16b) n1*+4anl’®+anl® &, 4])

2
“Root[a4anl: (6a+16b) 517+ a1’ an1® &, 2] « Tan| - (c+dx)]2)

I |

(Root[a+4anl+ (6a+16b) n1®+4anl®+anl®g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl* &, 2|)

~Root|[a+4anl+ (6a+16b) n1%+4anl®+anl®g, 3] +Tan[l (c+dx”2])/
2

(Root[a+4anl+ (6a+16b) H1?+4anl®+ani®g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’®+anl* &, 3])

~Root|[a+4anl+ (6a+16b) n1®+4anl®+anl®g, 2] +Tan[l (c+dx)}2])J
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+anl*&, 1] -Root[a+4anl+

/I

(6a+16b) 11> +4an1’®+anl* &, 2|) (Root[a+4anl+ (6a+16b) nl®+
4anl’®+anl*&, 2| -Root[a+4anl+ (6a+16b) n1’+4anl®+anl®g, 4])

~Root[a+4anl+ (6a+16b) n1%+4anl®+anl® g, 1] +Tan[l (c+dx”2]
2

~Root[a+4anl+ (6a+16b) #1?+4anl®+anl® g, 4] +Tan[l (c+dx”2])/
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+ani* g, 1] -

Root[a+4anl+ (6a+16b) #12+4anl®+anl*s, 4])?

2
~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl®g, 2] +Tan[l (c+dxH2] ]J
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+anl* &, 2| -Root[a+4anl+

g

(6a+16b) n1*+4aul’+aml* g, 4}) Sec[E (CerxHZTan[1 (c+dx)]

2 o)/

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl* g, 1] +Tan[1 (c+dx)]”
2

(Root[a+4anl+ (6a+16b) H1?+4anl®+ani*g, 1] -

Root[a+4anl+ (6a+16b) m12+4anl®+anl*&, 4]) |-Root|a+4anl+

2
(6a+16b) 112+ 4an1®+an1* &, 2] +Tan[1 (c+dx)]2) ]] +
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+anl*&, 2| -Root[a+4anl+

(6a+16b) m1*+4anl®+anl* g, al) Sec[l (c+dx”2Tan[1 (c+dx)]
2 2

/
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(Root[a+4anl+ (6a+16b) #1?+4anl’®+anl* &, 1| - Root|

a+danl+ (6a+16b) 1> +4anl’®+anly, 4])

~Root|[a+4anl+ (6a+16b) n1%+4anl®+anl*g, 2] +Tan[1 (c+dx”2])]]/
2

(-Root[a+4anl+ (6a+16b) H1>+4an1’®+anl® &, 1] +

Root[a+4anl+ (6a+16b) n1*+4anl’®+anl® g, 2|)
(Root[a+4atl+ (6a+16b) H1?+4anl®+anl®g, 2] -

2
Root[a+4atl+ (6a+16b) n12+4anl®+anl*s, 4]) 1+Tan[l (c+dx”2]
2

/I

(Root[a+4anl+ (6a+16b) nl®+4anl®+anl*g, 2] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl®&, 4])

Root[a4arde (62 6b) 0% aasranrte, 1] Tan [crdx) )] /
2

(Root[a+4anl+ (6a+16b) H1?+4an1®+anl*g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl®&, 4])

Root[a+4at1s 62+ 16b) mPraant’eantts, 2] <Tan| > (crax])’] |
2

16bTan[} (c-dx)]*+a (1 Tan[} (cdx) ")’

Jt-

(1+Tan[§ (c+dx)]2)4

(Root|a+4anl+ (6a+16b) n1?+4anl®+anl®g, 2] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl*&, 3])

~Root|[a+4anl+ (6a+16b) n1®+4anl®+anl® g, 1] +Tan[1 (c+dx)]2)]/
2

(Root[a+4anl+ (6a+16b) H1?+4anl®+anl® g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl*&, 3|)

~Root|[a+4anl+ (6a+16b) n1®+4anl®+anl® g, 2| +Tan[1 (c+dx)]2)])
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+ani*g, 2] -

Jb

Root[a+4anl+ (6a+16b) H1>+4anl’®+anl* &, 4])

~Root|[a+4anl+ (6a+16b) #1?+4an1®+anl® g, 1] +Tan[1 (c+dx)]2)]/
2

(Root|a+4anl+ (6a+16b) n1®+4anl®+anl® g, 1] -
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Root[a+4anl+ (6a+16b) H1*+4anl’®+anl*&, 4|) |-Root|

a+danl+ (6a+16b) 112 +4anl®+anl® g, 2| +Tan[1 (c+dx)]2)]) -
2

(Root[a+4anl+ (6a+16b) H1®+4anl’+anl* &, 2| -

[2 EllipticF[Ar‘cSin[\/[

Root[a+4anl+ (6a+16b) #1>+4anl’+anl* &, 4])

~Root[a+4anl+ (6a+16b) m1>+4an1®+an1?sg, 1] + Tan[ = (c+dx”2])/
2

(Root[a+4anl+ (6a+16b) H1?+4an1®+ani*g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’®+anl®&, 4|) |-Root|

(c+dx”2])]],

a+danl+ (6a+16b) m12+4an1’+anl* &, 2| +Tan|

N R

((Root[a+4anl+ (6a+16b) 1% +4anl®+anl® &, 2] - Root|
a+danl+ (6a+16b) m12+4anl’+anl* g, 3])
(Root[a+4anl+ (6a+16b) #1?+4an1®+anl* g, 1] -

Root[a+4anl+ (6a+16b) 11> +4aul’®+aul*g, 4])) /
((Root[a+4anl+ (6a+16b) H12+4an1®+anl®&, 1] -
Root[a+4anl+ (6a+16b) H1?+4anl’+anl® &, 3])
(Root[a+4anl+ (6a+16b) n1?+4anl®+anl®g, 2] -
Root[a+4anl+ (6a+16b) H1>+4anl’+anl*&, 4))) |
(Root[a+4anl+ (6a+16b) H1?+4an1®+ani* g, 1] -
Root[a+4anl+ (6a+16b) n1*+4anl’®+anl® g, 4])

5\ 2

-Root[a+4anl+ (6a+16b) n1%+4anl®+anl®g, 2] +Tan[1 (c+dx)]

| 2

(Root[a+4anl+ (6a+16b) 212 +4an1®+anl* &, 1| -Root[a+4anl+

(6a+16b) 11> +4an1’®+anl* &, 2|) (Root[a+4anl+ (6a+16b) nl”+
4anl’®+anl*&, 2| -Root[a+4anl+ (6a+16b) n1’+4anl®+anl®g, 4])

-Root|[a+4aul+ (6a+16b) n1%+4anl®+anl®g, 1] +Tan[l (c+dxH2]
2

~Root|[a+4anl+ (6a+16b) n1%+4anl®+anl®g, 4 +Tan[1 (c+dx)}2])/
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+ani* g, 1] -

Root[a+4anl+ (6a+16b) m12+4anl®+anl*s, 4])?

2
~Root|[a+4anl+ (6a+16b) #1%+4anl®+anl®g, 2] +Tan[1 (c+dx”2] ]J
2

(((Root[a+4am1+ (6a+16b) 112 +4an1’+anl* &, 1| -Root[a+4anl +

(6a+16b) H12+4an1® +anl® &, 2|) Sec[E (c+dx”2Tan[

N <C+dx>]

/

N
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(Root[a+4anl+ (6a+16b) #1?+4anl’®+anl* &, 1| - Root|

a+danl+ (6a+16b) 1> +4anl’®+anl*g, 3)

~Root[a+4anl+ (6a+16b) n1?+4anl®+anl*g, 2] +Tan[1 (c+dx”2]) -
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+anl*&, 1] -Root[a+4anl+

(6a+16b) 11> +4au1®+anl* &, 2|) Sec[l (c+dxH2Tan[l (c+dx)]

2 2 2)/

~Root|[a+4anl+ (6a+16b) n1®+4anl®+anl®g, 3] +Tan[l (c+dx)]
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+ani* g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’®+anl*&, 3|) |-Root|

2
sevsite (sneso s s, 2 v e )
2

(-Root[a+4anl+ (6a+16b) 11> +4an1®+anl® &, 1] +Root |

a+danl+ (6a+16b) n1>+4anl’+anl* g, 2|)
(Root[a+4atl+ (6a+16b) H1?+4anl®+ani*g, 2] -

2
Root[a+4anl+ (6a+16b) n1*+4anl’®+anl’ g, 4]) 1+Tan{l (c+dx”2]

I |

(Root[a+4anl+ (6a+16b) n1®+4anl®+anl*g, 1] -

Root[a+4anl+ (6a+16b) #1>+4anl’+anl®&, 2|)

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl® g, 3] +Tan[l (c+dx)}2])/
2

(Root[a+4atl+ (6a+16b) H1?+4an1®+ani* g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl®&, 3])

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl®g, 2] +Tan[l (c+dx)}2])J
2

16bTan[} (c+dx)]*+a (1 Tan[} (cdx) ")’

(1+Tan[§ (c+dx)]2)4

(2 EllipticF[Ar‘cSin[J[

Root[a+4anl+ (6a+16b) 11> +4anl’+anl® g, 4])

(Root[a+4anl+ (6a+16b) H1?+4anl®+ani®g, 2| -

~Root|[a+4anl+ (6a+16b) n1?+4anl®+anl* g, 1 +Tan[1 (c+dx”2])/
2
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(Root[a+4anl+ (6a+16b) #1?+4an1®+ani* g, 1] -

Root[a+4anl+ (6a+16b) H1?+4anl®+anl*&, 4]) |-Root|

v aau1s (52 260] s aauaurts, 2] o Tan[ L (eax] )|

((Root[a+4anl+ (6a+16b) 112 +4an1®+anl®&, 2| - Root |
a+d4anl+ (6a+16b) nl%+4anl’+anl®y, 3])
(Root[a+4anl+ (6a+16b) H1?+4anl®+anl* g, 1] -

Root[a+4anl+ (6a+16b) n1*+4anl®+anl*&, 4])) /
((Root[a+4anl+ (6a+16b) m12+4anl®+anl®&, 1] -
Root[a+4anl+ (6a+16b) n1>+4anl’®+anl* g, 3])
(Root[a+4atl+ (6a+16b) H1?+4anl®+ani*g, 2] -
Root[a+4anl+ (6a+16b) H12+4anl’®+anl*&, 4])) ]
(Root[a+4anl+ (6a+16b) n1®+4anl®+anl®g, 1] -
Root[a+4anl+ (6a+16b) n1*+4anl’®+anl® g, 4])

2
~Root[a+4anl+ (6a+16b) n1®+4anl®+anl® g, 2| +Tan[1 (c+dx)]2)

I |

(Root[a+4anl+ (6a+16b) n1?+4anl®+anl*g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl® &, 2|)

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl®g, 3] +Tan[l (c+dx)}2])/
2

(Root[a+4atl+ (6a+16b) H1?+4anl®+ani® g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl* &, 3])

~Root|[a+4anl+ (6a+16b) n1%+4anl®+anl®g, 2] +Tan[l (c+dx)}2])J
2

(((Root[a+4anl+ (6a+16b) #12+4an1®+an1* &, 1] - Root |

a+danl+ (6a+16b) m12+4anl®+anl®y, 2|)
(Root[a+4anl+ (6a+16b) n1*+4anl’+anl* &, 2| -Root|[a+4anl+

(6a+16b) 112 +4an1®+anl* &, 4]) Sec[l (c+dx”2Tan[1 (c+dx)]

2 )/

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl®g, 1] +Tan[1 (c+dx)]
2

(Root[a+4anl+ (6a+16b) H1?+4an1®+anl®g, 1] -

Root[a+4anl+ (6a+16b) n1>+4anl’®+anl®y, 4”2

~Root[a+4anl+ (6a+16b) n1%+4an1®+anl®&, 2] +Tan|

N |

feax)]*|

(2 (Root[a+4atl+ (6a+16b) #1?+4anl®+anl* g, 1] -

Root[a+4anl+ (6a+16b) #1>+4anl’+anl*&, 2|)
(Root|a+4anl+ (6a+16b) n1?+4an1®+anl* &, 2| -Root|a+4anl+
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(6a+16b) 11> +4an1®+anl* &, 4]) Sec[l (c+dx”2Tan[1 (c+dx)]
2 2

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl® g, 1] +Tan[l (c+dxH2
2

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl® g, 4 +Tan[l (c+dx)}2])/
2

(Root[a+4anl+ (6a+16b) H1?+4anl®+anl® &, 1] -

Root[a+4anl+ (6a+16b) m12+4anl®+anl*s, 4])?

3
~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl*g, 2] +Tan[1 (c+dx”2] ]+
2

(Root[a+4anl+ (6a+16b) n1?+4anl®+anl* g, 1] -

Root[a+4anl+ (6a+16b) 11> +4anl’+anl*&, 2|)
(Root[a+4anl+ (6a+16b) #12+4an1®+anl* &, 2] -Root[a+4anl+

(6a+16b) 11> +4anl’®+anl* &, 4]) Sec[l (c+dxH2Tan[1 (c+dx)]

2 o)/

-Root|[a+4anl+ (6a+16b) n1®+4anl®+anl® g, 4] +Tan[l (c+dx)]
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+ani* g, 1] -

Root[a+4aml+ (6a+16b) m12+4anl®+anl*&, 4])? (—Root[

2
a+danl+ (6a+16b) H12+4anl®+anl®y, 2| +Tan[1 (c+dx)]2) ]]]/
2

(-Root[a+4anl+ (6a+16b) 112 +4an1®+anl® &, 1] + Root |

a+danl+ (6a+16b) 11> +4anl’+anl* g, 2|)

(Root[a+4atnl+ (6a+16b) #1?+4an1®+ani*g, 2] -

2
Root[a+4anl+ (6a+16b) n1*+4anl’®+anl® g, 4]) 1+Tan{l (c+dx”2

| |

(Root[a+4anl+ (6a+16b) n1?+4anl®+anl*g, 1] -

Root[a+4anl+ (6a+16b) #1>+4anl’+anl*&, 2|)
(Root|a+4anl+ (6a+16b) n1®+4anl®+anl®g, 2| -
Root[a+4anl+ (6a+16b) 11> +4anl’+anl* &, 4])

-Root[a+4anl+ (6a+16b) n1%+4anl®+anl® g, 1 +Tan[l (c+dx)}2]
2

~Root[a+4anl+ (6a+16b) 112 +4an1®+anl* g, 4] +Tan[l (C+dx)}2])/
2

(Root[a+4anl+ (6a+16b) #1?+4an1®+ani* g, 1] -

Root[a+4anl+ (6a+16b) #12+4anl®+anl*s, 4])?
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2
~Root[a+4anl+ (6a+16b) 112 +4an1®+anl*g, 2| +Tan[l (C+dXH2] ]J
2

16bTan[} (cdx]]*a[1eTan[} (cdx]]’)’

+

(1+Tan[§ (c+dx)]2)4

(Root[a+4anl+ (6a+16b) #1?+4anl®+ani® g, 2| -

o0/

(2 EllipticF[Ar‘cSin[\/[

Root[a+4anl+ (6a+16b) 11> +4anl’+anl* g, 4])

N |

~Root|[a+4anl+ (6a+16b) n1%+4an1®+anl®&, 1] + Tan|

(Root|a+4anl+ (6a+16b) n1?+4anl®+anl® g, 1] -

Root[a+4anl+ (6a+16b) #12+4anl®+anl*&, 4]) |-Root|

a+danl+ (6a+16b) 112+ 4am1®+an1?y, 2| +Tan[§ (c+dx”2])]]1

((Root[a+4anl+ (6a+16b) 11 +4anl®+anl®&, 2] - Root |
a+danl+ (6a+16b) 11> +4anl’+anl* g, 3])
(Root[a+4atl+ (6a+16b) #1?+4an1®+ani*g, 1] -

Root[a+4anl+ (6a+16b) n1?+4anl®+anl*&, 4])) /
((Root[a+4anl+ (6a+16b) H1>+4anl’+anl* &, 1] -
Root[a+4anl+ (6a+16b) H1>+4anl’+anl* e, 3])
(Root[a+4anl+ (6a+16b) #1?+4an1®+anl*g, 2] -
Root[a+4anl+ (6a+16b) H12+4anl’+anl*&, 4])) ]
(Root[a+4anl+ (6a+16b) H1?+4anl®+anl® g, 1] -
Root[a+4anl+ (6a+16b) n1?+4anl’®+anl® &, 4])

2
~Root[a+4anl+ (6a+16b) n1?+4anl®+anl® g, 2| +Tan[l (c+dx)]2)

I |

(Root[a+4anl+ (6a+16b) n1?+4anl®+anl*g, 1] -

Root[a+4anl+ (6a+16b) #1>+4anl’+anl®&, 2|)

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl®g, 3] +Tan[1 (c+dx”2])/
2

(Root[a+4anl+ (6a+16b) H1?+4an1®+ani* g, 1] -

Root[a+4anl+ (6a+16b) #12+4anl’+anl® &, 3])

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl®g, 2] +Tan[1 (c+dx”2])]
2

(Root[a+4anl+ (6a+16b) n1®+4an1®+anl® &, 1] -Root[a+4anl+

/I

(6a+16b) 11> +4an1®+an1* &, 2|) (Root[a+4anl+ (6a+16b) nl”+
4an1’+anl*&, 2] -Root[a+4anl+ (6a+16b) n1’+4anl®+anl®g, 4])

~Root|[a+4atl+ (6a+16b) n1%+4anl®+anl® g, 1] +Tan[l (c+dx)]”
2
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Root 3421+ (63 +26b] 17+ 4251+ ara s, 4] < Tan[ (c-dx)]’)| /
2

(Root[a+4anl+ (6a+16b) n1?+4anl®+anl® g, 1] -

Root[a+4anl+ (6a+16b) n12+4anl®+anl* g, 4])?

2
~Root|[a+4anl+ (6a+16b) n1%+4anl®+anl*g, 2] +Tan[1 (c+dx”2] ]J
2

((BZbSec[1 (c+dx)]2Tan[l (CerxHBJr4aSec[1 (c+dx”2

2 2 2
Tan[%(c+dx)] (1+Tan[§(c+dx)]2)3 /[1+Tan[§(c+dx”2]4—

4Sec[§ (c+dxH2Tan[§ (c+dx)] 16bTan[§ (c+dx”4+

a [1+Tan[§ (c+dx”2]4)J/ [1+Tan[§ (c+dx”2]5)J/

(-Root|[a+4anl+ (6a+16b) 11?2 +4an1®+anl® &, 1] +Root |

a+danl+ (6a+16b) 11> +4anl’+anl* g, 2|)
(Root[a+4anl+ (6a+16b) #1?+4an1®+ani*g, 2] -
Root[a+4anl+ (6a+16b) n1*+4anl’®+anl® g, 4])

(1+Tan[l <c+dx)]2)2

2

s6bTan] % (e dx] )"+ [1-Tan 3 <c+dx>r>4]3/zJ

(1+Tan[§ (c+dx>]2)

Problem 244: Unable to integrate problem.

Csc[c+dx]

dx

\/a+bSin[c+dx]4

Optimal (type 4, 469 leaves, 4 steps):
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Ar‘cTan[ -a Cos[c+dx]

a+b-2bCos[c+dx]2+bCos[c+dx]*
- +

2+ -a d

) /b Cos[c+dx]2 a+b-2bCos[c+dx]2+bCos[c+dx]*
.

b4 (a+b)* (Vb -Va+b |

Va+b

a+b

(a+b) (1+ /b Cos[c+dx]? 2

1/4
Elliptick[2 ArcTan| 2o lerdXTy "L, Vb ]/
@) 2 yare

(Zad\/a+b—2bCos[c+dx]2+bCos[c+dx}4)—

a+b-2bCos[c+dx]?+bCos[c+dx]*

(a+b) (1+ /b Cos[c+dx 2)2

a+b

2
(a+b) ¥ (Vb - vaib)? {1+WC°S[“‘“]
Vva+b

\/F+\/a+b 2 1/4
Ellipticpi[( ) , 2 AncTan| 208t dxl g PL Vb ] /
4\5\/a+b <a+b)1/4 2 Va+b

(4ab1/4d\/a+b—2bCos[c+dx]2+bCos[c+dx]4

Result (type 8, 25leaves):

Csc[c+dx]

dx

\/a+bSin[c+dx]4

Problem 245: Attempted integration timed out after 120 seconds.

Csc[c+dx]3

dx

\/a+bSin[c+dx]4

Optimal (type 4, 776 leaves, 7 steps):
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Ar‘cTan[ -a Cos[c+dx]
a+b-2b Cos[c+dx]2+bCos[c+dx]*

4+/-a d
/b Cos[c+dx] \/a+b72bCos[c+dx]2+bCos[c+dx]4
2a+/a b d [1, (b cmiesdt)

a+b

\/a+b—2bCos[c+dx]2+bCos[c+dx14 Cot[c+dx] Csc[c+dx]
2ad

+

a+b-2bCos[c+dx]?2+bCos[c+dx]*

(a+b) (1+ /b Cos[c+dx 2)2

a+b

\/b Cos[c+dx]2
.
Va+b

1

pl/4 (a . b) 3/4

b1/4c d 1 b
EllipticE[ZAr‘cTan[ oslc+dx] } = (1+ Vb
2

<a+b>1/4 vJa+b

I/

(Zad\/a+b—2bCos[c+dx]2+bCos[c+dx]4)—

\/b Cos[c+dx]2
Va+b

a+b-2bCos[c+dx]2+bCos[c+dx]*

2
L[—]i
1 b Cos[c+dx

a+b

1+

pt/4 (a+b—\/F\/a+b>

(a+b)

bl/4 Cos[c +d x] ] 1 (1 b
y +
(a+b)** 2 Va+b

EllipticF [2 ArcTan [

1/

(Za (a+b)1/4d\/a+b—2bCos[c+dx12+bCos[c+dx]4

(a+b)1/4 (\/F—\/a+b)

2 (, /b Cos[c+dx]2J a+b-2bCos[c+dx]2+bCos[c+dx]?
+
va+b (a+b) (1+ bCosc+dx2)2

a+b

\m+\/a+b 2 1/4
Ellipticpi[( ) ,2ArcTan[b COS[“dX]], Tl /b ] /
4/b Va+b (a+b)™* 2 Va+b

(Sabl/“d\/a+b72bCos[c+dx]2+bCos[c+dx]4

Result (type 1, 1leaves):

2?7
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Problem 246: Result unnecessarily involves imaginary or complex numbers.

Sin[c+dx]?

dx

\/a+bSin[c+dx]4
Optimal (type 4, 499 leaves, 4 steps):
\/b Tan [c+dX]

\/a+ZaTan[c+dx]2+ (a+b) Tan[c +dx]*

ArcTan | | Cosfc+dx]?

\/a+2aTan[c+dx12+ (a+b) Tan[c+dx]*

/(Zx/Fd\/a+bSin[c+dx]4

b)4T d
al’4 (\E+\/a+b)Cos[c+dx}2Ellip‘cicF[ZAr‘cTan[(aJr ) anfes X]], 1 1- Va
al/* 2 Ja+b
2aT dx]? b) T dx]*4
(\/?Jr\/HTan[Cerx]z) a+2aTan(c+dx)®+ (a+b) Tan[c+ dx) /
(\/?+\/a+b Tan[c+dx}2)2
(Zb(a+b)1/4d\/a+bSin[c+dx]4 + (\/?+\/a+b)2Cos[c+dx]2
Va -+Ja+b |? b) 14T d
EllipticPi[—( ) ,2Ar‘cTan[(a+ ) anfcr X]], 1 1- Va J}
4+/a Ja+b al/4 2 \Ja+b

a+2aTan[c+dx]?+ (a+b) Tan[c +dx]* /

(\/?+\/a+b Tan[c+dx]2)
(\/?+\/a+b Tan[c+dx]2)2

(4a1/4b (a+b)¥*d+/a+bsin[c+dx)®

Result (type 4, 287 leaves):
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2

2iCos[c+dx]

EllipticPi[L, ]'lAI"CSinh[ 1- ib Tan[c+dx]], M]
Va -i+b Va Va -i+/b
1+ |1+ Tan[c+dx]? |2+ 2-2].”/F Tan[c +dx] /
Va a
—j\m d\/8a+3b—4bCos[2 (c+dx)] +bCos[4 (c+dx) |
Va

Problem 247: Result unnecessarily involves imaginary or complex numbers.

J ax
\/a+b51n c+dx]*

Optimal (type 4, 162 leaves, 2 steps):

a+b)Y*Tan[c+dx 1
cOs[c+dx12EllipticF[2ArcTan[( ) [ ]], =]1- Va ]
a1/4 2 ﬁaer

a+2aTan[c+dx]?+ (a+b) Tan[c+dx]* /

(\/?+x/a+b Tan[c+dx}2>
(\E+\/a+b Tan[c+dx]2)2

(Zal/4 (a+b)1/4d\/a+bsin[c+dx]4)

Result (type 4, 195leaves):

a +i+b
Tan[c+dx] ]|, —————
Va va -i+b

2i Cos[c+dx]2EllipticF[i ArcSinh|

]

1+ 1+jl Tan[c+dx]? |2+ 2721‘1\5 Tan[c +dx]? /
vE VT
171.1\/F d\/83+3b—4bCos[2 (c+dx)] +bCos[4 (c+dx) |
Va

Problem 248: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Csclc+dx]?

dx

\/a+bSin[c+dx]4

Optimal (type 4, 493 leaves, 5steps):

—((Cos[c+dx12Cot[c+dx1 (a+2aTan[c+dx]*+ (a+b) Tan[c+dx}4))/

(\/a+b Cos[c+dx] Sin[c+dx] (a+2aTan[c+dx]?+ (a+b) Tan[c+dx]4))/

(ad\/a+bsin[c+dx}4 (\/?+x/a+b Tan[c+dx}2)) -

ad\/a+bSin[c+dx]4

b)Y T d N
(a+b)**Cos[c+dx]?EllipticE[2ArcTan] (a+b) anfedx] IR 1 {1 a
2

a1/4

a+2aTan[c+dx]?+ (a+b) Tan[c +dx]* /

(\/?+x/a+b Tan[c+dx]2)
(x/?+\/a+b Tan[c+dx}2)2

(a3/4d\/a+bSin[c+dx]4

+ (a+b+ﬁ\/a+b ) Cos[c+dx]?

Va

a+b

(a+b)¥*Tan[c+dx]

al/4 ]’

EllipticF[2ArcTan| 1-

N |

J] (\/;+\/a+b Tan[c+dx]2)

a+2aTan[c+dx]?+ (a+b) Tan[c +dx]*

(\/a_+\/a+b Tan[c+dx}2)2

™~

(233/4 <a+b>3/4d\/a+bsin[c+dx]4

Result (type 4, 1403 leaves):

\/8a+3b—4bCos[2 (c+dx)] +bCos[4 (c+dx)]| Cot[c+dx]

+

Z\Ead
/b o
ibCos[c+dx]?EllipticF[i ArcSinh[ [1- ib Tan[c+dx]], @]
Va Va -ivb
. Vb /b
1+(11\ﬁ Tan[c+dx]? |1+ 1+l\/7 Tan[c+dx]? /
e e

ivb

a

V2 a [1-

d./8a+3b-4bCos[2 (c+dx)]+bCos[4 (c+dx)] |+
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a +1vVb
iV2 bCos[c+dx]? |EllipticF[i ArcSinh| Tan[c+dx] ]|, L} -
Va “a -i4/b
a ivVb a +ivb
2EllipticPi[L,iAr‘cSinh[ 1—1r Tan[c+dx] ]|, u}
Va -ivb Va Va -ib
ivVb i\Vb
1+(1—1\/— Tan[c +dx]2 1+[1+1\/— Tan[c +dx]2 /
VT Ve
i\Vb
a 1_1V— d\/8a+3b—4bCos{2(c+dx”+bCos[4(c+dx)] -
Va
1
43 1_13{b d(1+Tan[c+dx] ) JbTan[udx] a (1+Tan[c+dx]?)?
1+Tanc+dx)
Tan[c+dx] +8a Tan[c +d x]
/ Tan[c+dx]°® bTan[c+dx]°®
1Vb 1 Vb
41bElllpt1CP1[7a,]lAI"CSlnh[ 71\/7 Tan[c+dx] ]|, M]
Va -iVb Va Va -iVb
1 Vb 1vVb
1+ 1—1\/7 Tan[c +dx]? 1+[1+1\/7 Tan[c+dx]? -
VT Ve
1Vb 1 Vb
4jbEllipticPi[L,J'lAr'cSinh[ AL Tan[c+dx]], M]
Va -ivb Va Va -ivb

1- Tan[c+dx]? +

Tan[c+dx]? |1+ Tan[c+dx]? 1+[1+]l\/F
Va Va

+Va (j\/?Jr\/F) ElliptiCE[jArcSinh[\/lji\mTan[c+dX}]: M}
Va Va -i+b

(1+Tan[c+dx])?) 1+[11\m Tan[c+dx]? |1+
Va

i

Va

1+ Tan[c+dx]?
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(4+/a -3i/b | Vb EllipticF[i ArcSinh|

(1+Tan[c+dx]?) [1+ [1-

Problem 249: Result is not expressed in closed-form.

1
Jidlx
a+bSin[x]?

Optimal (type 3, 384 leaves, 17 steps):

bl/5:al/5 Tan| X (-1)2/5bY/5+a%/5 Tan V—w (-1)4/5 bY/51a%/5 Tan { q
2 ArcTan| | 2ArcTan| *-]  2ArcTan|
a2/5_p2/s a2/5_ (-1) 4/5 p2/5 /5. (-1)3/5 p2/5

+
5 a4/5+/32/5 _ p2/5 5 54/5 \/32/5_ (_1)4/5 bh2/5 5 g4/5 \/32/5+ (_1>3/5 h2/5

(-1)%/5 (bY/5+ (-1)%/5 a¥/* Tan | X] )

2 ArcTan] | 2ArcTan| (-1)V® (654 (-2) 45 &7/5 Tan 7] ]
a2/5, (-1) 1/5 p2/5 a2/5_ (-1) 2/5 p2/5
5 g4/5 \/32/5 N (_1) 1/5 p2/s 5 94/5 \/32/5 _ (_1) 2/5 p2/5

Result (type 7, 149leaves):

8

— i RootSum[ib-5ibn1%+101ibnl*+32an1°-10ibu1f+51ibnl®-ibn1'g,
5

2ArcTan| 2] 113 Log[1 -2 Cos[x] #1 + #12] =13
Cos [x]-#1

&]
b-4bnl?+16i1an1®>+6b1l*-4bnl1®+ b8

Problem 250: Result is not expressed in closed-form.

1
J = ax
a+bsin[x]®
Optimal (type 3, 171 leaves, 7 steps):
Ar‘CTan[ {31/’3+b1/3 Tan[x] ] Ar‘CTan[ al//3—(—1)1/3 pl/3 Tan[x] } ArcTan [:{31//’3+ _1)2/3pl/3 Tan[x] }

al/e N al/e . al/e

3 3%/6+/a1/3 4 p1/3 3 35/6 x/al/37 (71>1/3 pl/3 3 a5/6 \/a1/3+ <71>2/3 pl/3

Result (type 7, 148leaves):
8

——RootSum[b—sbm+15bn12—64an13 -20bH13+15b1H1*-6bH1° + b1° &,
3

2ArcTan | 02X ] 572 Log[1-2Cos[2x] 1 + 1#12] 112
Cos[2x]-#1

&
-b+5bnl-32an12-10bn1%2+10bu13 - 5b 114 + bul® ]
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Problem 251: Result is not expressed in closed-form.

J _ 1 4
a+bsin[x]®
Optimal (type 3, 245leaves, 9steps):
Ar‘cTan[ﬂ éfa 1/4_p1/4 Tan[x } Ar‘cTan[ —a)Y/4-i b4 Tan[x ]

(7a)1/8 (7a)1/'8

4 (73)7/8 (73)1/47b1/4 4 <7a>7/8\/ (73)1/4*1'1 b1/4

Ar‘cTan{ (-a)¥4+i bY* Tan[x] ] Ar‘cTan[ (-a)¥/4:+bY/4 Tan[x] }
(73)1/8 (73)1/3
4(—a)7/8\/(—a)1/4+ib1/4 4(—3)7/8 (_a)1/4+b1/4

Result (type 7, 174 leaves):

8 RootSum|b -8bnl+28b#1? - 56 b1’ + 256 anl* + 70 b 11* - 56 b 11> + 28 b=1® -8 b ul” + b 1% &,
Sin[2x
2Ar‘cTan[#} #1° - i Log[1-2Cos[2x] #1 + #1?] n13]/
Cos[2x] -#1

(-b+7bu1-21bu1%+128a 11 +35b11%-35bn1% +21b w1 - 7bu1® + bul’) &

Problem 252: Result is not expressed in closed-form.

1
R —
a-bsSin[x]?®
Optimal (type 3, 379 leaves, 17 steps):
2 ArcTan [ w] 2 ArcTan [ (-1)%5 bY/>-a%/* Tanrﬂ ]

; P / /
22/5_p2/5 a/5_ (~1)4/5b?/5

5 34/5 /a2/5 _ p2/5 5 4/5 \/aZ/S B (_1>4/5 bh2/5

(=1)4/5 bY/5_aL/5 Tan Fﬂ _1)Y/5 pY/54a1/5 Tan {q ~1)3/5 b1/5,41/5 Tan { ﬂ

2 ArcTan| 2 ArcTan| | 2ArcTan|

P - / P P ;
a?/5, (-1)3/5b?/5 a?/5_ (~1)2/5p?/5 a?/54 (-1)Y/5 p?/5

5 g4/5 \/32/5 . (_1) 3/5 p2/5 5 94/5 \/aZ/S B (_1> 2/5 p2/5 5 94/5 Jaz/s N <_1> 1/5 p2/5

Result (type 7, 149leaves):
8 . . . 2 . 4 5 . 6 - 8 - 10
——JlRootSum[—ILb+51th1 -101bH1*+32aH1°+101bH1®°-51bH1°+ 1 bH1™ &,
5

2ArcTan| 2] 113 Log[1 -2 Cos[x] #1 + 112 ] =13
Cos [x]-#1

b-4bnl?-161an1>+6bul1*-4bnl1%+ b8

8]

Problem 253: Result is not expressed in closed-form.

1
Jidlx
a-bsin[x]®

| 67
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Optimal (type 3, 175leaves, 7 steps):
ArcTan [ j{al/B—bl/B Tan[x] ] Ar‘CTan[ /a1/’3+(71)1/3 b1/’3 Tan[x] } Ar“cTan[ /al/37(71)2’/3 pl/3 Tan[x] }

/| /f
al/e al/e
+ +

3 35/6+/a1/3 _pl/3 3 35/6 \/a1/3 N (_1> 1/3 p1/3 3 35/6 Jaus ~ <_1> 2/3 173

al/e

Result (type 7, 148 leaves):

8
— RootSum|[b-6bxl+15b11? + 64 a5l -20b11% + 15b#1* - 6 b #1° + b1l &,
3

2ArcTan| SIP2X—] 532§ Log[1 - 2Cos[2x] #1 + H#12] 112
Cos[2x]-#1

&
-b+5bnl+32an1?2-10bn1%2+10b113 - 5b 114 + bH1® ]

Problem 254: Result is not expressed in closed-form.

1
j ——dx
a-bsin[x]?
Optimal (type 3, 213 leaves, 9steps):
ArcTan [ A[a¥/4-bY/4 Tan[x ] ArcTan [ A[a¥/4-i b4 Tan[x ]

p ,
al/8 al/8

+ +
437/8“/31/4—b1/4 437/8“/31/4—]'lb1/4
A/ aY/4+i bY4 Tan[x A[a¥/4+b¥4 Tan[x
ArcTan [ oy ] Ar‘cTan[ P ]
+
4a7/8“’a1/4+1'1b1/4 437/8“/31/4+b1/4

Result (type 7, 174 leaves):

~8RootSum|b-8bnl+28bnl*-56b11® -256a 11" +70bn1* -56bnl® +28b11® -8bul’ + bul® &,
Sin[2 x]

Cos[2x] -H1

(-b+7bu1-21bu1?-128a11°+35b11%-35bn1% +21bu1° - 7bul® + bul’) &

2 ArcTan #13 -1 Log|1-2Cos[2x] 11 + =12 113
[ ]

Problem 255: Result is not expressed in closed-form.

1
Ji dx
1+Sin[x]°

Optimal (type 3, 195leaves, 15steps):

2 ArcTan 2 ArcTan

1-(-1)%° 1+(-1)3/°

[ (-1)¥5 (14 (-1)%5 Tan | %] ]

(-1)%/5+Tan| X (-1)*/5+Tan| X
[—=] [——

2 ArcTan

2 ArcTan
1+ (-1)Y5 1-(-1)%° Cos [x]

5 1+(_1)1/5 5 1_(_1>2/5 5(1+Sin[x}>

[ (-1 Y/5 (14 (145 Tanm) ]
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Result (type 7, 411 leaves):

1. . 2 13 4 — 6 a7 8
—fleootSum[1+211:t1—8n1 -1411#1° + 301" + 14 1 51° - 8 #1° - 2 1 #1/ + #1° &,

10
1
i-8u1-211 117+ 60 11> + 35 i #1% - 24 11° - 7 i 118 + 41117
Sin[x] . ) ) n[x]
-2ArcTan| —————] +1iLog[1-2Cos[x] #1+11?| -8 i ArcTan| | m1-
Cos[x] -#1 Cos[x] -#1
) Sin[x] )
4 Log[1-2Cos[x] #1+u1%| =1+ 3@ ArcTan| | m1% -
Cos[x] -#1
) ) ) ) Sin[x] 3
151 Log[1-2Cos[x] #1 +#1?| 1% + 80 i ArcTan | | 513+

Cos[x] -#1
[x]

) 3 Sin[x 4
40 Log|[1 -2 Cos [x] #1 +11%] 1% - 30 ArcTan | | m1% 4
Cos[x] -#1
Sin[x
151 Log[1 -2 Cos[x] #l +#1?| #11* - 8 i ArcTan| ] | m2° -
Cos[x] -#1
21 ins Sin[x] 6
4 Log[1-2Cos([x] #1l+n1%] #1° + 2 ArcTan| | =28 -
Cos[x] -l
s o[ X
251n[2]

i Log[1-2Cos[x] #1+n1?] n16] &] +

5 (Cos[ﬂ +Sin[§])

Problem 257: Result is not expressed in closed-form.

1
Jidlx
1+Sin[x]®

Optimal (type 3, 218 leaves, 9steps):

i J1+\/4—2\/7 +J2+2 21/4+2\/1+\/7+2J2+\/7 +\/1+\/4+2\/7

ArcTan|[+/1 - (—1)1/4 Tan[x]| ArcTan[+/1+ (-1)** Tan[x] |
(X -—ArcTan[Tan[x]]) + + +

4~1-(-1)"* 4.1+ (-1)4

ArcTan[/1 - (—1)3/4 Tan[x]| ArcTan[/1+ (—1)3/4 Tan[x] |
+

4-1-(-1)°" 41+ (-1)%4

Result (type 7, 141 leaves):
8 RootSum|1 - 811 + 28 112 - 56 1#11% + 326 1% - 56 11° + 28 11° - 8117 + 118 &,

2ArcTan| SIM2X—] 573§ Log[1-2Cos[2x] #1 + #12] 113
Cos[2x]-#1

&
~1+781-2151%+163 113 - 35714+ 21 11° - 7 516 + 117 ]
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Problem 258: Result is not expressed in closed-form.

1
Ji dx
1-Sin[x]°

Optimal (type 3, 187 leaves, 15 steps):

~1)2/5_Tan| X ~1)4/5-Tan| X

2 ArcTan| | 2ArcTan] ]
1-(-1)%° 1+(-1)3/° .
54/1-(-1)%7 541+ (-1)%7
(-1)Y54Tan| X ~1)3/5:Tan| X
2 ArcTan [ ] 2 ArcTan [
iy Jicars T Cos[x]
5 17(71)2/5 5 1+<71>1/5 5(1—Sin[x})

Result (type 7, 413 leaves):

1. : 2 : 1413 4 — 6 17 8
leRootSum[l—2Jltt1—8H1 +141A1°+30A1"-14 1 #1° -8A1° + 2 1 A1’ + #1° &,
10

1
-1 - 811+ 21 i 11%+ 60113 - 35 i #1% - 2411° + 7 i 11® + 4 117
Sin[x] . ) ) Sin[x]
-2ArcTan| —————] +1iLog[1-2Cos[x] #1+51%] + 8 i ArcTan| | m1+
Cos[x] -#1 Cos[x] -#1
) Sin[x] )
4 Log[1-2Cos[x] #1+u1%| =1 + 38 ArcTan| | m1% -
Cos[x] -#1
) ) ) ) Sin[x] 3
151 Log[1-2Cos[x] #1 +#1?| 1% - 80 i ArcTan | | w13 -
Cos([x] -#1
Sin[x
40 Log|[1-2Cos [x] #1 + 12| #1% - 30 ArcTan | ] | m1% 4
Cos[x] -#1
) ) 4 ) Sin[x] s
151 Log[1-2Cos[x] #1 +#1?| #11* + 8 i ArcTan| | m2% +
Cos[x] -#1
) s Sin[x] 6
4 Log[1-2Cos[x] #l+n1%| #1° + 2 ArcTan| | =28 -
Cos[x] -#1
inl %
251n[2]

iLlog[1-2Cos[x]fl+H1?] n16] &] +
5 (Cos[ﬁ —Sin[i])

Problem 265: Result more than twice size of optimal antiderivative.

J Cos [X] dx

a-asSin[x]?

Optimal (type 3, 7 leaves, 2 steps):
ArcTanh[Sin[x]]

a

Result (type 3, 37 leaves):
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—Log[COS[ﬂ —Sin[?]] +Log[Cos[§] +Sin[§“

a

Problem 270: Result more than twice size of optimal antiderivative.
J Sec [X] dx
a-asSin[x]?
Optimal (type 3, 22 leaves, 3 steps):

ArcTanh[Sin[x]] Sec[x] Tan[x]
+
2a 2a

Result (type 3, 45 leaves):

—Log[Cos[ﬂ —Sin[i]] +Log[Cos[§] +Sin[§H +Sec[x] Tan[x]

2a

Problem 276: Result more than twice size of optimal antiderivative.

3
J Cos [Xx] dx

(a—aSin[x}Z)2

Optimal (type 3, 7 leaves, 2 steps):
ArcTanh[Sin[x]]

aZ

Result (type 3, 37 leaves):

_Log[Cos[ﬂ —Sin[i]] +Log[Cos[§] +Sin[§“

aZ

Problem 277: Result more than twice size of optimal antiderivative.
J Cos [X] dx
(a—aSin[x}z)2

Optimal (type 3, 22 leaves, 3 steps):
ArcTanh[Sin[x]] Sec[x] Tan[x]
+
2a? 2a?

Result (type 3, 45leaves):
—Log[Cos[ﬂ - Sin[?] |+ Log[Cos[f] + Sin[ﬂ | +Sec[x] Tan[x]

2 a2
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Problem 291: Result more than twice size of optimal antiderivative.

JSec[ewa}6 (a+bsin[e+fx]?) dx

Optimal (type 3, 50leaves, 3 steps):

aTan[e+fx] (2a+b)Tan[e+fx]> (a+b)Tan[e+fx]®
+

N
f 3f 5 f

Result (type 3, 117 leaves):
8aTan[e + fx] 72bTan[e+-Fx] 4aSec[e+fx]%Tan[e + f x]

+

15 f 15 f 15 f

bSec[e+fx]2Tan[e+fx] aSec[e+fx]*Tan[e+fx] bSec[e+fx]*Tan[e+fx]
+ +

15 f 5f 5f

Problem 292: Result more than twice size of optimal antiderivative.

JSec[eH‘:x}8 (a+bsinfe+fx]?) dx

Optimal (type 3, 72leaves, 3 steps):

aTan[e+fx] (3a+b)Tan[e+fx]> (3a+2b)Tan[e+fx]> (a+b)Tan[e+fx]’
+ + +

f 3f 5 f 7f

Result (type 3, 161 leaves):
l6aTan[e+fx] 8bTan[e+fx] 8aSec[e+fx]%2Tan[e+fXx]

+ —

35f 105 f 35 f
4bSec[e+fx]?Tan[e+fx] 6aSec[e+fx]*Tan[e +fXx]
105 f : 35 f )
bSec[e+fx]*Tan[e+fx] aSec[e+fx]®Tan[e+fx] bSec[e+fx]®Tan[e+fx]
35f " 7f " 7f

Problem 294: Result unnecessarily involves imaginary or complex numbers.

JCos[emcx}2 (a+bSin[e+Fx]2)2d1x

Optimal (type 3, 116 leaves, 5steps):
i(8a2+4ab+b2)x+ (8a%+4ab+b?) Cosfe+fx]Sinfe+fx]

16 16 f

b(8a+3b) Cos[e+fx]>Sin[e+fx] bCos[e+fx]>Sin[e+fx] (a+ (a+b) Tan[e+Fx]?)

24 6f

Result (type 3, 79leaves):
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Ei;mlz<pfzj)a+b)<p+zj>a+b)<e+fx)+

3(4a-b) (4a+b)sSin[2 (e+fx)]-3b(4a+b)Sin[4 (e+fx)]|+b?Sin[6 (e+fx)])

Problem 308: Result more than twice size of optimal antiderivative.
J Sec [X] dx
a+bsSin[x]?
Optimal (type 3, 40leaves, 4 steps):

2/b Sin[x]
WArcTan[ = ] ArcTanh [Sin[x]]
+

\/?(aer) a+b

Result (type 3, 96 leaves):

;[—WArcTan[iﬁ Csc[x] ] Jr\/FAr‘cTan[ivF 5in [x] ]+
2\/? (a+b) Vb Ja

2

z\ﬁ;'(_Log[cos[g}..Sin[zq} +Log[cos[§q +Sin[5]})]

Problem 310: Result more than twice size of optimal antiderivative.

Sec[x]?3

w{——————————dx
a+bSin[x]?

Optimal (type 3, 61leaves, 5steps):

/b Si
b?/2 Ar\CTan[ \g‘ - ] (a +3 b) ArcTanh[Sin[x] ] Sec[x] Tan[x]
+

N
Va (a+b)? 2 (a+b)? 2 (a+b)

Result (type 3, 147 leaves):
_r
4 (a+b)2

2b3/2 Ar‘cTan[m] 2b3/2 Ar‘cTan[ﬁL[—Lb sinix] | « y
- Se + Va -2 (a+3b) Log[Cos|[~]| -sin[=]] +

vz VT 2
2 (a+3b) Log[Cos[£}+Sin[§H+ axb - axb
2 2

(cos[§}._51n[§])2 (cos[§}.+5in[§])2

Problem 312: Result more than twice size of optimal antiderivative.

5
J Sec [X] dx

a+bsin[x]?
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Optimal (type 3, 93 leaves, 6 steps):
bS/2 ArcTan | @m]

NS (3a?+10ab+15b%) ArcTanh[Sin[x]]
Va (asb) 8 (a+b)? '
(3a+7b) Sec[x] Tan[x] Sec[x]3Tan[x]
8 (a+b)? i 4 (a+b)

Result (type 3, 214 leaves):
8 b>/2 ArcTan [ M} 8 b5/2 ArcTan [ M]

I o | i
16 (a+b)> Va Va
2(3a2+1eab+15b2)Log[Cos[E}-Sin[g]}-2(3a2+1eab+15b2)Log[cOs[§]+Sin[§H_
(a+b)2 . <a+b>2 . <a+b) <3a+7b) +(a+b) (3a+7b)
[cos 2] -sin[x]]" [cos[3] sin[2])" (cos[] wsin[2])"  -Besinix

Problem 373: Result unnecessarily involves higher level functions.
JCOS[G+'FX]5 (a+bsinfe+fx]?)Pdx
Optimal (type 5, 214 leaves, 5steps):

(3a+b (7+2p)) sinfe+fx] (a+bSin[e+fx]2)P
b2f (3+2p) (5+2p)

Cos[e+fx]%2Sin[e+fx] (a+bSin[e+fX]2>1+p

b'F(5+2p)

+

s 2
((3 a’+2ab (5+2p) +b® (15+16p+4p?)) Hyper‘geometr‘icZFl[l, -p, i, —M}
2 2 a

. . 21p bSin[e+fx]?2
Sinfe+fx] (a+bSin[e+fx]?)? |1+ —————

p]/ (b2 (3+2p) (5+2p))

a

Result (type 6, 191 leaves

~

. , bsin[e+fx]?
, Sin[e+fx]%, - ——

]

1
[3 aAppellFl|—, -2, -p,
2

N W

a

Cosle+fx]*Sinfe + fx] (a+bSin[e+fx]2)PJ/

1
e

bSin[e+fx]2
3 aAppellF1| o
2

(-F

3 . )
-2, -p, —, Sin[e+fx]?, |+
2 a

3 5 , bsSin[e+fx]?
2 |bpAppellF1[=, -2, 1-p, =, Sin[e+fx]2, -—————] -
2 2 a

bSin[e+fx]?2

3 5
2aAppellFl[~, -1, -p, =, Sin[e+fx]?, - }) Sinf[e + fx]?
2 2

|

a
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Problem 374: Unable to integrate problem.

JCos[ewa}3 (a+bsin[e+fx]?)Pdx

Optimal (type 5, 124 leaves, 4 steps):

Sin[e + f x] (a+bSin[e+-Fx]2)1+p 1
- +
bf (3+2p) bf (3+2p)
; 2
(a+b (3+2p)) Hyper‘geometr‘icZFl[l, -p, i, —M]
2 2 a
bSin[e+fx]%)7P

Sinfe+fx] (a+bSinfe+fx]%)P |1+
a

Result (type 8, 25leaves):

JCos[ewa}3 (a+bsin[e+fx]?)Pdx

Problem 376: Unable to integrate problem.

JSEC[E-%—'FX] (a+bsinfe+fx]?)Pdx

Optimal (type 6, 76 leaves, 3 steps):

bSin[e+fx]?

]

1 1 3 ,
~AppellF1|—, 1, -p, —, Sinfe+fx]?,
f 2 2 a

. . 1p bSin[e+fx]2)\7?
Sin[e+fx] (a+bSinfe+fx]?)P |1+ ————
a

Result (type 8, 23 leaves):

jSec[eﬂcx} (a+bsin[e+fx]?)Pdx

Problem 377: Unable to integrate problem.

JSec[e+fx}3 (a+bsinfe+fx]?)Pdx

Optimal (type 6, 76 leaves, 3 steps):

1 1 3 , bsin[e+fx]?
~AppellFl|~, 2, -p, =, Sinfe+fx]?, - ——|
f 2 2

a

. . " bSin[e+fx]2\7P
Sin[e+fx] (a+bSin[e+fx]?)P 1+ —————
a

Result (type 8, 25leaves):

JSec[eH:x}3 (a+bsin[e+fx]?)Pdx
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Problem 378: Result more than twice size of optimal antiderivative.

JCos[ewa]4 (a+bsin[e+fx]?)Pdx

Optimal (type 6, 90leaves, 3 steps):

1 1 3 3 . , bsin[e+fx]?
prpellFl[f, -—, -p, —, Sin[e+fx]*, - —————
f 20 2 2 a
bSin[e+fx]?

]

-P

Cos[e +fx]2 (a+bSin[e+fx}2)p(1+ Tan[e + f x]

a

Result (type 6, 199 leaves):
bSin[e+fx]2

1 3 3 ,
5 5 =Py 7> Sln[e"'-FX} > —]

[3 a AppellF1|
2 2 2 a

Cos[e+fx]*Sinfe + fx] (a+bSin[e+fx]2)p]/

(f

1 3 3 , bsin[e+fx]?
3aAppellF1[*, -—, -p, —, Sin[e+fx]%, *—} +
2 2 2 a

3 3 5 ,  bSinfe+fx]2
2bpAppellFl[ =, - =, 1-p, =, Sinfe+fx]?, - ———| -
2 2 2 a

3 1 5 . , bsinfe+fx]?
3aAppellF1[;, -—, -p, —, Sin[e+fx]%, - —————

= })Sin[eJr-Fx]2
2 2 a

Problem 379: Result more than twice size of optimal antiderivative.

JCOS[E-%—'FX}Z (a+bsinfe+fx]?)Pdx

Optimal (type 6, 90 leaves, 3 steps):

1 1 1 3. , bsin[e+fx]?
~AppellF1l|—, - =, -p, =, Sin[e+fx])?, - —— |
f 2 2 2 a
5 . 2\ p bSin[e+fx]2)P
Cos[e+fx]? (a+bSin[e+fx]?)? |1+ ———————| Tan[e+fXx]
a

Result (type 6, 195leaves):

1 1 3 bSin[e +fx]?
3aAppellF1[~, - =, -p, = —_
2

2

, Sinfe+fx)2, - | (a+bsinfe+fx]?)P

a
3 2
Sin[2 (e+fx)| bSinfe+fxJ*

|+

2
11 3 ,
/ 2f |3aAppellFl|[~, - =, -p, =, Sinfe+fx]?, -
2 2 2 a
3 1 5 , bsin[e+fx]?
2prppe11F1[f, -—,1-p, —, Sin[e+fx]%, ——] -
2 2 a
bSin[e + fx]?
—#]]Sin[eﬂcx}zj

)

Nwo

a AppellF1|

N R

5 . 5
, -p, —, Sin[e+fx]%,
2 a
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Problem 381: Unable to integrate problem.

JSec[ewa}2 (a+bsin[e+fx]?)Pdx

Optimal (type 6, 90leaves, 3 steps):
bSin[e + fx]?

J

1 1 3 3 . )
prpellFl[f, —, -p, —, Sin[e+fx]%,
f 2

2 2 a
p . 21 p bSin[e+fx]%)\ P
Cos[e+fx]? (a+bSin[e+fx]?)? |1+ ———————| Tan[e+fx]
a

Result (type 8, 25leaves):

JSEC[E-%—'FX]Z (a+bsinfe+fx]?)Pdx

Problem 382: Unable to integrate problem.

jSec[eﬂcx}“ (a+bsin[e+fx]?)Pdx

Optimal (type 6, 90 leaves, 3 steps):

1 1 5 3 , bsin[e+fx]?
prpellFl[f, -, -p, —, Sin[e+fx]*%, -————
f 2 2 2

; J

bSin[e+fx]%)\ P
et S I B

Cos[e+fx]* (a+bSin[e+fx]?)P |1 Tan[e + f X]

a

Result (type 8, 25leaves):

JSec[eﬂcx}“ (a+bsinfe+fx]?)Pdx

Problem 383: Result is not expressed in closed-form.

Cos[c+dx]®
J dx

a+bSin[c+dx]3

Optimal (type 3, 219 leaves, 11 steps):

(a4/3 - b4/3> ArcTan [ = 2':\’/1;5:1!;; “ ] (34/3 + b4/3> Log[a1/3 +b3Sin[c+dx] }
. -

3 a2/3b5/3 ¢ 3a%/3b%3d
(a*? +b*?) Log[a?? -al’? b3 Sin[c+dx] + b2/ Sin[c +dx]?]
6a2/3 b5/3d -
2Llogla+bSinfc+dx]3| Sinf[c+dx]2

+

3bd 2bd

Result (type 7, 230 leaves):
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1
12bd

[-3Cos[2 (c+dx)] +24Log[5ec[1 (c+dx)]’] -4Rootsum[a+3am1?+8bu1®+3amltsanifs,
2

—bLog[—ml+Tan[1 (c+dx)]] +4aLog[—1:t1+Tan[1 (c+dx)]]m1+
2 2

8bLog[—J¢1+Tan[l (c+dx)]] 1112+2aLog[—111+Tan[l (c+dx)]]n1®+
2 2

bLog[—H1+Tan[% (c+dx)]] H14+2aLog{—H1+Tan{% (c+dx)]] nlsj/

(anl+4bni?+2an1®+anl’®) &)

Problem 384: Result is not expressed in closed-form.

J Cos[c+dx]3

a+bSin[c+dx]3

dx

Optimal (type 3, 167 leaves, 9 steps):

1/3_9pl/3 g4
Ar‘cTan[a 2b/?Sin[c+d x ]

3 at Log[al/? + b3 Sin[c+dx] |
- 3 a2/3pl/3g 3a%2/3bt/3d .
Log[a?/? -al3b¥3sin[c+dx] +b?3Sin[c+dx]2] Logla+bSin[c+dx]?]
6a2/3b1/3d i 3bd

Result (type 7, 216 leaves):

R Log[Sec[% (C+dx)]2] *

3bd
RootSum|[a +3an1?+8bul®+3anl®+anl®g, [-bLog[-mnan[i (c+dx)]]+
aLog[—tt1+Tan[§ (c+dx)]] nl+4bLog[-n1+Tan[% (c+dx)|]m1%+
2aL0g[—H1+Tan[§ (c+dx)]] tt13+bLog[—H1+Tan[% (c+dx)]|]n1*+
aLog[—ttlJrTan[% (c+dx)]] m15)/ (am1+4bn1®+2am1®+anl®) &|

Problem 386: Result is not expressed in closed-form.

J Sec[c +dX] q
X

a+bSin[c+dx]3

Optimal (type 3, 290 leaves, 11 steps):
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1/3 (44/3 _ pa/3 al/?-2bY3sinfcrdx]
b3 (a b*/3) ArcTan | V3 i ] Log[1-Sin[c+dx]]
- +

V3 a?/3 (az—bz)d 2(a+b)d
Log[1+Sin[c+dx]] b3 (a*?+b*3) Log[al/? +b'/3Sin[c+dx] |
- +
2 (a-b)d 3a%3 (a?-b?) d

b'/3 (a%/3 + b*3) Log[a?/? - a2 bl/3Sin[c+dx] +b?3Sin[c+dx]?] blogla+bSin[c+dx]3]

6a?/3 (a’-b?) d 3 (a2-b?) d

Result (type 7, 288 leaves):
1
3(a-b) (a+b)d

(3

bLog[Sec[% (c+dx)}2] +(-a+b) Log[Cos[% (c+dx)] 7Sin[§ (c+dx) ]|+ (a+b)

Log[Cos[i (c+dx>] +Sin[§ (c+dx)]]] -

bRootSum|[a+3an1?+8bn1®+3anl*+anl®g, (bLog[—HlJrTan[l (c+dx)]|]-
2

aLog[—HlJrTan[l (c+dx)]] 1¢1+4bLog[—ml+Tan[l (c+dx)]]n1%+
2 2

4aLog[—111+Tan[l (c+dx)H1113—bLog[—111+Tan[l (c+dx)]]n1®+
2 2

aLog[—l:tlJrTan[l (c+dx)]] 1115]/ (anl+4bn1?+2an1®+anl’®) &)
2

Problem 387: Result is not expressed in closed-form.

Sec[c+dx]3
J dx

a+bsSin[c+dx]3

Optimal (type 3, 385leaves, 11 steps):

b%/3 (2a%-3a%2b2/? + b?) ArcTan| alf-2b'sinlcrdx] ]

3 alf (a+4b) Log[1-Sin[c+dx]]
i V3 a?3 (a? - b2)%d . 4 (a+b)d '
(a-4b) Log[1+Sin[c+dx]] b%? (2a?+3a%3b%3+b2) Log[a'/?+b*3Sin[c+dx]]
4(a-b)?d ) 3227 (a2 b2)2d )
! b>/3 (2a%+3a*3b?? +b?) Log[a*? -a'? b3 Sin[c+dx] +b*>Sin[c+dx]?] +
6a2/3 (az—bz)zd
b (a?+2b?) Log[a+bSin[c+dx]3?] 1 1

+ —

3 (aZ_bZ)Zd 4 (a+b)d(1-Sin[c+dx]) 4 (a-b)d(1+Sin[c+dx])

Result (type 7, 535leaves):
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76 (a+4b) Log[Cos[i (c+dx)] 7Sin[§ (c+dx)]] )

(a+b)2

1
12d

6 (a-4b) Log[Cos[% (c+dx) ] +Sin[% (c+dx)]]

(o)’

+

1

. L :
e[ e wasfsecl (eo 0]

1

RootSum|a+3an1?+8bnl®+3anl®+ani®y,
apl+4bnl?+2anl13+aml®

(zaszog[mnan[i (cedx)]] +b3Log[—H1+Tan[§ (crdx)]]+
a3Log[—H1+Tan[§ (c+dx)]] n1—4ab2Log[—H1+Tan[§ (c+dx)]]n1+
4a2bLog[—tt1+Tan[§ (c+dx)]] H12+8b3Log[—H1+Tan[§ (c+dx)]]n1?+
2a3Log[—H1+Tan[% (c+dx)]] n13+10ab2Log[—n1+Tan[§ (c+dx)]]m1®-

2a2bLog[—Hl+Tan[l (c+dx)|] 1% -b?Log[-n1+Tan|[= (c+dx) || n1*+
2

RN R

a3’Log[71¢1+Tan[1 (c+dx)]]m1®+2ab?Log[-#1+Tan[ = (c+dx)]] 1115) &}) +
2 2
3

(a+b) (Cos[i (c+dx)] —Sin[i (Cerx)”2

3

(a-b) (Cos[i (c+dx)] +Sin[i (c+dx”)2

Problem 388: Result is not expressed in closed-form.

Cos[c+dx]*
J dx

a+bSin[c+dx]3

Optimal (type 3, 764 leaves, 38 steps):
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(-1)Y/3b1/3_3Y/3 Tan E (c+d x) ] ]

2 (—1)2/3 a?/3 ArcTan]|

P 2 P
a2/3_(~1)2/3p?/3

3\/32/37 (71>2/3 b2/3 pA/3 g

bY/3+al/3 Tanﬁf (c+d x) w ] 2 a2/3 ArcTan [ b/3+a"/ Tan {; (c+d X>] }

N az/3—b2/'3 az/’sibz/z
332/3“/32/37b2/3 d 3‘/32/37b2/3 b4/3d

2 ArcTan|

b1/3+at/3 Tan [1— (c+d x) } -1)2/3 b1/3:+a%/3 Tan [1— (c+d x) }
4Ar‘cTan[ 2 ] 2Ar‘cTan[ 2 ]
[ a2/3_p2/3 a2/3, (-1) 1/3 p2/3
+ —

3+/a2/3 _b?/3 b2/3d 3 a2/3 Ja2/3+ (-1) b2 d

-1)2/3bY34aY/? Tan| L (c+d x) -1)Y/3 (bY/34(-1)%% a3 Tan| L (c+d x)
2 (-1)*?a?? ArcTan| | H 2 ArcTan| ( E H]
a2/3, (-1)1/3 p2/3 a2/3_ (-1)2/3 p2/3
- +
3 \/az/s . <_1> 1/3 p2/3 pas3 g 3 32/3 \/az/s B <_1> 2/3 2/3 ¢
b2~ (-1)Y2 at/ Tan[ 2 (c+dx) | b3+ (-1)22 a3 Tan| L (cvdx) |
4 ArcTanh| : | 4ArcTanh| 2
_(-1)2/3 a2/3.p2/3 (-1)1/3 a2/3,p2/3 Cos[c+dx]
+ _
3./- (~1)2% 8234 b2 23 g 3./ (-1)Pa23 1 b2 p23d bd

Result (type 7, 300leaves):

- 3Cos[c+dx] +
3bd

Sin[c+dx
i RootSum[-ib+3ibm12+8anl®-3ibnl®+ibni®s, (ZbAr'cTan[ lexax] 5.
Cos[c+dx] -#1

) ) . Sin[c +dx]
1bLog[1—2Cos[c+dx}H1+H1]—ZlaArcTan[ ]Hl—
Cos[c+dx] -#1
Sin[c +dx]
Cos[c+dx] -#1
Sin[c +dx]

Cos[c+dx] -#1

alog[1-2Cos[c+dx]al+51?| #l+21iaArcTan| | #2134

714 -

alog[1-2Cos[c+dx]al+m1?| #1%+2bArcTan|

iblog[l-2Cos[c+dx] 1 +Ha1?] 1114]/ (br1-4ian1?-2bul’+bnl®) &

Problem 389: Result is not expressed in closed-form.

Cos[c+dx]?
J dx

a+bSin[c+dx]3

Optimal (type 3, 484 leaves, 24 steps):
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bY/3:al/3 Tan H (c+d x) } bY/3+al/3 Tan E (c+d x) ]
N az/sibz/s az//3—b2/3
3a2/3“/a2/3—b2/3 d 3“/a2/3—b2/3 b2/3 d

2 ArcTan| | 2ArcTan|

]

~1)%/3 pY/3,:al/3 Tan “— (c+d x) ]

(-1)%3 b3+ (-1)¥3 a2 Tan| X (c+d x)
2 ArcTan| | 2ArcTan| ( E 1 ]
az/aJr (-1) 1/3 bz/z az/37 (-1) 2/3 bz/z
- +
332/3 \/32/3 N (_1)1/3 b2/3 ¢ 3 52/3 \/32/3 _ (_1)2/3 b2/3 (
/ /3 31/ L /34 (-1)2/3 a1/ L
2 ArcTanh [ b/3-(-1)%/3 at 3TanL (c+d x)w ] 2 ArcTanh { b3+ (-1)2/3 at 3Tan{2 (c+d x)w }
7(71)2/3 az/3+b2//3 (71)1/3 a2/3.p2/3
+
3 \/‘ (_1)2/3 a2/3 + b2/3 p2/3d 3 \/ (_1>1/3 a2/3 4 p2/3 p2/3 4

Result (type 7, 231 leaves):

1 . . 2 3 : 4, . 6
——1RootSum[—1b+31bJ:t1 +8atrl’-31bH1"+1buHl® &,
6d

Sin[c +dx] Sin[c +dx]

2 ArcTan -1log|l-2Cos[c+dx]#l+51°| +4ArcTan
|2rcTan| | - Log| ] [

Cos[c+dx] -#1 Cos[c+dx] -#1
Sin[c +dx]

712 - 21 Log[1-2Cos[c+dx] 1 +81%| #12 + 2 ArcTan | 514 -

Cos[c+dx] -#1

ilog[1-2Cos[c+dx]al+nl?] 1::14]/ (br1-4ian1?-2bn1’+bnl®) &

Problem 390: Result is not expressed in closed-form.

1
J dx
a+bSin[c+dx]3

Optimal (type 3, 245leaves, 11 steps):

]

bY/3+al/3 Tan “— (c+d x) w
[ a2/3_p2/3
3 a2/3 “/32/3 _ b2/3 d

2 Ar‘cTan[

)3 034 (-1)¥2 a3 Tan [ L (crdx) ||

(-1)2/3 Y3423 Tan| X (cvd x)
2 ArcTan [ L ] } 2 ArcTan [ }
a?/3, (-1) 1/3 p2/3 a2/3_ (-1) 2/3 p2/3
3 52/3 \/a2/3 . (71) 13 p2/3 ¢ 3 32/3 \/a2/3 B (71) 2/3 p2/3 ¢

Result (type 7, 126 leaves):
1 . : 2 3 - 4 6
- ——2iRootSum[-ib+3ibnl?+8an1®-3ibul*+ibul®e,
3d

2 ArcTan| Sedxl T 57 5 1 og[1-2Cos[c+dx] #1 +112] 71
Cos[c+d x] -1

&
b-41iafl-2bx12+balt }
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Problem 391: Result is not expressed in closed-form.

Sec[c +dx]?
J dx

a+bSin[c+dx]3
Optimal (type 3, 299 leaves, ? steps):

(-1)Y/3b*/3-a%/3 Tan H (c+dx) } b'/3+a'/3 Tan H (c+dx) }

2 (—1)2/3 b?/3 ArcTan]| | 2b?3ArcTan|

]

aZ//3—(—1)2//3 bz/s - N az/sibz/a .
3 a2/3 (a2/3 - (-1)%3 b2/3) 32 3a2/% (a?/3-b2/2)%%d

~1)2/3 bY/3,:al/3 Tan {% (c+dx) }

2 (—1)1/3 b?/3 ArcTan]| ]
a2/7, (1)1 /3 Sec[c+dx] (b-aSin[c+dx])
+

332/3 (a2/3+ (_1>1/3 b2/3)3/2d (—a2+b2) d

Result (type 7, 432 leaves):
[—6b+6bCos[c+dx] -1bCos[c+dx]

: : 2 3 : 4 . 6 1
RootSum[-ib+3ibnl?+8anml®-3ibul*+ibul®g,

brl-41ian1?-2bn13+bal’
Sin[c +dx]

2bArcTan -i1blog[1-2Cos[c+dx]Hl+n1?]| +
[ ] [

Cos[c+dx] -#1
Sin[c +dx]

41aArcTan| |#1+2alog[1-2Cos[c+dx] al+m1?]| al -

Cos[c+dx] -#1

Sin[c +dx]
12bArcTan|

| #12+6ibLlog[1-2Cos[c+dx]Hl+n1?| 512 -
Cos[c+dx] -#1

Sin[c+dx]

41iaArcTan| | #1%-2aLlog[1-2Cos[c+dx] =l +n1?| 113+

Cos[c+dx] -#1
Sin[c+dx]

2bArcTan #1* -i1blog|l-2Cos[c+dx] &l +#H1°| g1%| &| +
[ S [ ] 1t g

Cos[c+dx] -#1
/(G(a—b) (a+b) d

(c+dx)] +Sin[§ (c+dx”))

6aSin[c+dx]

(Cos[

Cos[~ (c+dx)|-Sin[~ (c+dx)]

N |
N |

N |

Problem 392: Result is not expressed in closed-form.

Sec[c+dx]*
J dx

a+bSin[c+dx]3

Optimal (type 3, 1093 leaves, ? steps):
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(-1)Y/3 /333 Tan [% (c+d x) }

2 (-1)%72a%3 b3 ArcTan| ]
a2/3_ (71>2/3 p2/3

\/a2/3 7 (71>2/3 h2/3 (az _ b2>2 d

bl/3+al/3 Tan Bﬁ (c+dx) }

/3 91/3_41/ 1
2 b2 (2 aZ + b2) ArcTan [ e 3Tan[2 (cxd X>] } 2 a%2/3 b%/3 ArcTan [

a2/3_ (-1)2/3 p2/3 ) a?/3_p2/3
3 52/3 \/a2/3 B (71) 2/3 p2/3 (az ~ bZ) 2 4 A/ a2/3 - p2/3 (a2 - b2)2 d

]

b'/3+al/3 Tan “— (c+dx) w bl/3.al/3 Tan“— (c+d x) w ]
~ a?/3_p2/3 [ a2/3_p2/3
+ _

3a23+/a?? - b?3 (a?-b?)°d 3+/a23 b2 (a2 -b?)%d
]

2b% (2a%+b?) ArcTan | | 2p% (a%+2b?) ArcTan |

~1)2/3 p1/3,a1/3 Tan“— (c+d x) w

2 (-1)*? a2/ b®3 ArcTan|
a2/3, (-1) 1/3 p2/3

\/az/3Jr (_1>1/3 bh2/3 (az_b2>2d

(-1)2/3b%/31al/3 Tan {; (c+d x) ]

2b% (2a%+b?) ArcTan |

]

/ Y,
a?/34 (~1)Y/3b2/3

3 32/3 \/32/3Jr (_1)1/3 p2/3 (az_b2>2d

b1/3- (-1)1/3 a%/3 Tan Bﬁ (c+d x) ]

2 b%/3 (az +2b?) ArcTanh |

]

(-1)%/3 a2/3,p2/3

3\/, (-1)%2a23 b3 (a2-b?)2d

1/3 2/3 J1/3 1
2b*3 (a%+2b?) Ar‘cTanh[b/ LD Tan [ (cd | ]
(~1)1/3 a%/2,p2/3 Cos[c+dx]
4 +

3\/(71)1/3a2/3+b2/3 (a2-b2)%d 12 (a+b)d (1-Sin[c+dx])?

Cos[c +dx] (a+4b)COS[C+dX]

+ —

12 (a+b) d (1-Sin[c+dx]) 4 (a+b)?d (1-sSin[c+dx])

Cos[c +dx] (a-4b) Cos[c+dx] Cos[c+dx]

12 (a-b)d(1+Sin[c+dx])* 4 (a-b)’>d(1+Sin[c+dx]) 12(a-b)d(1+Sin[c+dx]]

Result (type 7, 679 leaves):
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1
24 (a-b)? (a+b)*d

1

(41’1bzRootSum[—Jlb+3]1b1112+8a1113—311btt14+11b1116 &,
brl-41am1?2-2bnl®+bnl®

N Sin[c +dx] ) Sin[c +dx]
(Za ArcTan | | +4b?ArcTan| ] -
Cos[c+dx] -#1 Cos[c+dx] -#1
ia?log[1-2Cos[c+dx]nl+m1?] -21ib®Log[l-2Cos[c+dx]nl+nl?|+
Sin[c+dx]

12 i abArcTan| | #1+6ablog[1-2Cos[c+dx] =l +n1?] 1l -

Cos[c+dx] -#1

Sin[c+dx] Sin[c+dx]

712 +

20 a® ArcTan | | #1% - 16 b* ArcTan |

Cos[c+dx] -#1 Cos[c+dx] -#1
101 a®log[1-2Cos[c+dx]nl+H1?| 112+ 81 b? Log[1-2Cos[c+dx] a1 +#12| #1% -
) Sinf[c +dx] 3 ) 3
12iabArcTan| | #1®-6ablog[1-2Cos[c+dx] al+m1?]| 1%+
Cos[c+dx] -#1

Sin[c +dx]

Sin[c+dx
[c+dx] 714 -

2 a? ArcTan [ ] #1* + 4 b% ArcTan [

Cos[c+dx] -#1 Cos[c+dx] -1l
ia?log[1-2Cos[c+dx]nl+u1?| 1% -21ib?Log[l-2Cos[c+dx] al+u1?|n1*| &) +

Sec[c+dx]® (4a’b+32b>-3b (5a2+13b%) Cos[c+dx] +12b (a®+2b?) Cos[2 (c+dX) ]| -
5a’bCos[3 (c+dx) | -13b>Cos[3 (c+dx)]| +12a’Sin[c+dx] -

30ab’Sin[c+dx] +4a’Sin[3 (c+dx)] -22ab’Sin[3 (c+dx)])

Problem 393: Result is not expressed in closed-form.

Cos[c+dx]7
J( dx

a+bSin[c+dx]3)2

Optimal (type 3, 288 leaves, 10 steps):

1/3_9p1/3 g4
2 (2a%+3a%2b2/3 + b2) ArcTan| 320 —Sinlendxl 2b77 Sinferdx ]
J3

- +
3\/?a5/3b7/3d
2 (2a%-3a%2b?? +b?) Log[al/? + b3 Sin[c+dX] | 1
9a5/3 b7/3 d - 9a5/3 b7/3 d
(2a%-3a%*2b*?+b?) Log[a®® - a2 b3 Sin[c+dx] +b¥3Sin[c+dx]?] -
Sin[c+dx] Sin[c+dx] (a®>-b?+3abSin[c+dx] +3b?Sin[c+dx]?)

b2d 3ab?d (a+bsSin[c+dx]?)

Result (type 7, 490 leaves):
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1

1 . . 2 3 : 4 . 6 1
~RootSum[-ib+3ibnl?+8an1®-3ibul®+ibul®e,

9b2d |a bpl-41an1?-2bml13 +bnl®

Sin[c +dx]

(—GabAr‘cTan{ | +3iablog|1-2Cos[c+dx]nl+nl?] +

Cos[c+dx] -#1

Sin[c+dx] Sin[c+dx]

81ia’ArcTan| | #1+ 41 b?ArcTan|

Cos[c+dx] -#1 Cos[c+dx] -#1
4a’Llog[1-2Cos[c+dx]nl+n1?] 1#l+2b?Log[1-2Cos[c+dx] nl+u1?|nl+
Sin[c+dx] Sin[c +dx]

]H1+

81 a’ArcTan|

| 513 + 41 b2 ArcTan]|
Cos[c+dx] -#1 Cos[c+dx] -#1
4a’Llog[1-2Cos[c+dx]nl+u1?] 513+ 2b%Log[1-2Cos[c+dx]#Hl+n1?| =13+

Sin[c+dx] 4 . 2 4
6abArcTan| | #1*-3iablog[1-2Cos[c+dx] #l+n1?] #l ] &| +
Cos[c+dx] -#1

}H13+

9 sin(c+dx] 6 (3ab+3abCos|[2 (c+dx)]| -2 (a?-b?) Sin[c+dx])

a(4a+3bSin[c+dx] -bSin[3 (c+dx)])

Problem 394: Result is not expressed in closed-form.

Cos[c+dx]>
J dx
(

a+bsin[c+dx]?)?

Optimal (type 3, 238 leaves, 8steps):
Y/3-2bY/3sin[c+dx]
2 (a*3+b*?) ArcTan| 2 ﬁ:;/‘,f ol I (a*2 - b*3) Log[a/3 + b¥/3 Sin[c +d x] |

- - +

3+/3 a5/3b5/3 4 9a°/3b%3d
(a*3-b*?) Log[a?? -al/? b3 sin[c+dx] +b?3Sin[c+dx]?]

9a5/3b5/3d
Sin[c+dx] (b-asSin[c+dx] -2bSin[c+dx]?)

+

3abd (a+bSin[c+dx]?)

Result (type 7, 346 leaves):

iRootSum[-ib+3ibul?+8anl®-3ibul*+ibuil®g,
9abd

Sin[c +dx]

(—ZjaAr'cTan[ | -aLlog[1-2Cos[c+dx] 1l +a1?] -
Cos[c+dx] -#1

Sin[c +d x]

4bArcTan| |#1+2iblog[1-2Cos[c+dx] ul+n1?] nl-

Cos[c+dx] -#1
Sin[c +d x]

4bArcTan| | #1%+2ibLlog[1-2Cos[c+dx]nl+nl?] =13+

Cos[c+dx] -1
Sin[c +dx]

2 i aArcTan | #1% +aLlog[1-2Cos[c+dx] fl+H1?] 1114)/

Cos[c+dx] -#1
6 (3a+aCos[2 (c+dx)]+2bSin[c+dx])

(br1-4ian1?-2bnl’®+bnul®) & +

4a+3bSin[c+dx] -bSin[3 (c+dX) |
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Problem 395: Result is not expressed in closed-form.

Cos[c+dx]3
J dx
(

a+bSin[c+dx]3)2

Optimal (type 3, 183 leaves, 9steps):

1/3_9p1/3 ¢4
2Ar‘cTan[a 2b'/° Sinfc+d x ]

3 al 2Log|al/? + b3 Sin[c+dx] |
B 3+/3 as/3pl/3 4 ' 9a°3bl/3d )
Log[a?/? - a3 b3 sin[c+dx] +b?3Sin[c+dx]?] a+bSin[c+dx]
9a°3bpl/3d +3abd(a+bsin[c+dx]3)

Result (type 7, 221 leaves):

2 [-j RootSum[-ib+3ibnl?+8an1®-3ibul®+ibnl® g,
9ad

Sin[c +dx]

2 ArcTan -ilog|[1-2Cos[c+dx]Hl+m12] +
[ ] [

Cos[c+dx] -#1
Sin[c+dx]

2 ArcTan| | #12 - i Log[1-2Cos[c +dX] n1+n12}n12]/

Cos[c+dx] -#1

6 b Si d
(b-4ianl-2bm1?+brl?) &) + (a+bsinfc+dx]) ]

b(4a+3bSin[c+dx] -bSin[3 (c+dx)])

Problem 397: Result is not expressed in closed-form.

J Sec[c +dx]
(a+bSin[c+dx]3)2

dx

Optimal (type 3, 587 leaves, 18 steps):

bl/3 (a4/3 -2 b4/3) Ar‘cTan[é—L""l’@’2 b2 Sinfc+dx } bl/3 (32 —2a?3p*3 4 bz) Ar'cTan[é—L""m’2 b2 Sin[cedx }
. /3 b . Nty )
3+/3 a3 (az—bz)d \/3 al/3 (az—bz)zd
Log[1-Sin[c+dx]] Log[l+Sin[c+dx]] b*3 (a*3+2b*3) Log[a’/?+b'3Sin[c+dx]|
+ - _
2 (a+b)*d 2 (a-b)*d 9a°3 (a2-b?) d

b'/3 (a?+2a%3b*>3 + b2) Log[a'/?+ b3 Sin[c+dx]]

3 al/3 (az—bz)zd :
(b3 (a*?+2b%3) Log[a*? - a'? b3 Sin[c+dx] +b*?Sin[c+dx]?]) / (18a° (a*-b*) d) +
1
6 al/3 (az—b2>2d

b3 (a?+2a%*3b*? + b?) Log[a?’? - a2 b3 Sin[c+dx] +b??Sin[c+dx]?] -

2ablogla+bSin[c+dx]*|] b (a-Sin[c+dx] (b-aSin[c+dx]))

+

3(a27b2)2d 3a(a?-b?)d(a+bSin[c+dx]3)

Result (type 7, 478 leaves):
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1 9Log[Cos[§(c+dx)]—Sin[%(c+dx)H
9d | :

(a+b)2
9Log[Cos[i(c+dx>]+Sin[i(c+dx)H 1

2 1 2
(a7b>2 +a(a2_b2>22b 9a Log[Sec[2 (c+dx)]] -

1

RootSum|a+3an1?+8bul®+3anl®+anl®s,
afl+4bnl?+2an13+anl’®

4a2bLog{—1:t1+Tan[1 (c+dx)]] —b3Log[—1:t1+Tan[l (c+dx)]]-
2 2
a3'Log[—1:t1+Tan[1 (c+dx)]] 1:t1—2ab2Log[—ttlJrTan[l (c+dx)]]n1+
2 2

12a’blog[-nl+Tan[~ (c+dx)|]|n1%+10a° Log[-#1+Tan| = (c+dx) ]| =13+

N R
il RN

2ab2Log[—1:t1+Tan[l (c+dx)]]m1®-4a’blog[-#l+Tan[~ (c+dx) ]| a1%+
2 2

b3Log[—H1+Tan[§ (c+dx)]] n14+3a3Log[—H1+Tan[§ (c+dx)HnlSJ &}) -

6b(-3a+aCos[2 (c+dx)]+2bSin[c+dx])

a(a-b) (a+b) (4a+3bSin[c+dx] -bSin[3 (c+dx)])

Problem 398: Result is not expressed in closed-form.

Sec[c+dx]3
J dx
(a+bSin[c+dx]3’)2

Optimal (type 3, 747 leaves, 18 steps):
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1/3_9pl/3 g4
bS/3 (4 a% - 3a%3b?3 + 2b?) ArcTan [ Z—20—Sinlcrdx] |
A3 al3

3+/3 a%3 (az—b2>2d

p5/3 <4 38/3 .932p2/3 .832/3p2_3 b8/3) ArcTan [ a/3-2b'/3sin[c+dx] }

J3 alf (a+7b) Log[1-Sin[c+dx]]
V3 al/? (a2-b?)*d i 4 (a+b)’d :
(a-7b) Log[1+Sin[c+dx]] b3 (4a2+3a%3b¥3+2b?) Log[al/?+bY/3Sin[c+dx] |
4(a—b)3d ' 9353 (az—bz)zd '

1
3al/3 (az—b2>3d
(b3 (42 +3a*3b??+2b?) Log[a?’?-a'?bY3Sin[c+dx] +b*/3 Sin[c+dx]2”/
1
6a'/? (a2 -b2)>d

b> (3b*? (3a*+b%) +4a% (a®+2b?)) Log[a?? - a3 b3 sin[c+dx] +b¥3Sin[c+dx]?] +

b*/3 (3b*3 (322 +b?) +4a*3 (a®+2b?)) Log[a*? + b3 Sin[c+dx] ]| -

1829 (a2 b7) 4] -

2ab (a2+5b?) Log[a+bSin[c+dx]?] 1

3(a27b2)3d +4(a+b)2d<1—sin[c+dx1)7

1 b(a(a?+2b?) -bSin[c+dx] (2a?+b>-3abSin[c+dx]))
4(a-b)*d (1+Sin[c+dx]) ) 3a(a2-b?)?d (a+bSin[c+dx]?)

Result (type 7, 773 leaves):
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(-a-7b) Log[Cos[% (c+dx) ] —Sin[% (c+dx)]]

+

2 (a+b)’d

(a-7b) Log[Cos[% (c+dx) ] +Sin[§ (c+dx)]]

.
2 (a-b)°d
1 1 2
——2b [—Qa2 (a>+5b%) Log[Sec| = (c+dx)]| ] +
9a(a?-b?)°d 2

1

RootSum|a+3an1?+8bnl®+3anl®+ani®y,
anl+4bul?+2anl’+anl®

(Sa“bLog[—mlJrTan[1 (c+dx)]] +11a2b3Log[—1:£1+Tan[1 (c+dx)]]-
2 2

b5Log[—tt1+Tan[1 (c+dx)]]+3a°Log[-n1+Tan|~ (c+dx)|]|n1-
2

N |-

15a3b2Log[—tt1+Tan[§ (c+dx)]] tt1—6ab4Log[—tt1+Tan[§ (c+dx)]]m1+
1za4bLog[_m+Tan[§ (c+dx)]] H12+60a2b3Log[—n1+Tan[§ (crdx)]] 1%+
6aSLog[—nl+Tan[% (cedx)]] masaasbnog[mqan[i (cedx)]] a1
6ab4Log[—H1+Tan[§ (c+dx)]] H13—8a4bLog[—H1+Tan[§ (c+dx)]|]m1*-
11a2b3Log[-tt1+Tan[1 (c+dx)]]m1*+b® Log[-ulﬂan[1 (c+dx)]|]m1*+

2 2

3a5Log[—tt1+Tan[l (c+dx)]] J:t15+15a3b2Log[—::t1+Tan[l (c+dx)]] Hls) &}) +
2 2

1

4 (a+b)?d (Cos[% (c+dx)] —Sin[% (c+dx)])27

1

4(a-b)*d (Cos[i (c+dx)] +Sin[% (c+dx)])2
(2

(-2a°b-7ab’+3ab’Cos[2 (c+dx)] +4a?b?Sin[c+dx] +2b*Sin[c+dx])) /
(Ba (a—b)2 (a+b)2d (-4a-3bsSin[c+dx] +bSin[3 (c+dx)]))

Problem 404: Result is not expressed in closed-form.

J Cos[c+dx]’

a-bSin[c+dx]?

dx

Optimal (type 3, 131 leaves, 6 steps):
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(\/? + \/F)sAr‘c:Tan[gf—Lbl’/4 sinfcrdx] |

al/4

2 a3/4 b7/4 d

3 bY/4sin[csdx]
(\/?7\/3) ArcTanh | oy ] 3Sin[c+dx] Sin[c+dx]3
_ +
2 a3/4p7/4 ¢ bd 3bd

Result (type 7, 524 leaves):

1
24bd
2 4 4 6 8 1
3RootSum|[b -4bn1?-16anl*+6bnl® -4bu1® + brl® &,
-brl-8an1?®+3bnul®-3bul®+bnl’

Sin[c +dx] Sin[c +dx]

] —6bArcTan[
Cos[c+dx] -#1 Cos[c+dx] -#1

ialog[l-2Cos[c+dx]#l+81%] +3iblog[l-2Cos[c+dx]al+nl?]| -

Sin[c +dx] ) Sin[c +dx]

22aAr‘cTan[ }Hl —2bAr‘cTan[
Cos[c+dx] -#1 Cos[c+dx] -H1

11ialog[l-2Cos[c+dx]#l+u12| 512+ iblog[l-2Cos[c+dx]nl+nl?] n1% -

Sin[c +dx] Sin[c +dx]

(—2 a Ar‘cTan[

712 +

714 +

| #1* - 2 b ArcTan]|
Cos[c+dx] -#1 Cos[c+dx] -#1

11ialog[1-2Cos[c+dx] #l+u1?] #1%+iblog[1-2Cos[c+dx] ul+n1?] n1%-
Sin[c+dx]

22 aArcTan|

Sin[c+dx] 6
2aArcTan| | #1° -6 b ArcTan|
Cos[c+dx] -#1 Cos[c+dx] -#1

718 +
ialog[l-2Cos[c+dx]nl+n1?] #1°+3iblog[l-2Cos[c+dx]ul+m1?| =18 &) -

2 (33sin[c+dx] +Sin[3 (c+dx)])

Problem 405: Result is not expressed in closed-form.

dx

J Cos[c+dXx]?
a-bSin[c+dx]*
Optimal (type 3, 113 leaves, 6 steps):

(\E+W)2ArcTan[W4ﬁ”deL} (372\/;\5”3) A"‘CTanh[MM} Sinfc +dx]
N _

al/4 al/4

2a3/4 b5/4d 2a3/4 b5/4d bd

Result (type 7, 411 leaves):
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4bd
1

RootSum|[b-4bn1%-16a#1* + 6 bnl* - 4bn1® + bul® &,

-brl-8an1®+3bH13-3bm1% + bnl?
Sin[c +dx]

(ZbAr‘cTan[ | -iblog[1-2Cos[c+dx]#l+u1?] +

Cos[c+dx] -#1

Sin[c+dx] Sin[c +dx]

4aArcTan| | #12 + 2 b ArcTan|
Cos[c+dx] -#1 Cos[c+dx] -#1

2ialog|[l-2Cos[c+dx]nl+nl?| m?-

| m12 -

Sin[c+dx]

iblog[1l-2Cos[c+dx]=l+n1%| #12+4aArcTan| 114 +
Cos[c+dx] -#1

Sin[c+dx]

2bArcTan| | #1*-21ialog[1-2Cos[c+dx]nl+nl?| ml* -

Cos[c+dx] -#1

Sin[c+dx
[ ] 416

iblog[1l-2Cos[c+dx]=l+n1%| #1%+2bArcTan|
Cos[c+dx] -#1

iblog[l-2Cos[c+dx]nl+nl?] #1°| &] +4Sin[c+dx]

Problem 406: Result is not expressed in closed-form.

j Cos[c+dx]3

a-bSin[c+dx]*

dx

Optimal (type 3, 95leaves, 4 steps):

(\/? + \/F) Ar‘cTan[g‘—“l/aSin cxdxl ] (\/? - \/F) Ar‘cTanh[gl—Lbl/dSin cxdxl ]

al/4 al/4

2 aB/4 b3/4 d 2 a3/4 b3/4 d
Result (type 7, 283 leaves):

1 2 4 4 6 8
——RootSum[b—4btt1 -16aH1*+6ba1*-4b1H1° + bH1® &,
8d

Sin[c +dx] Sin[c +d x]

2 ArcTan| | -ilog[1-2Cos[c+dx] al+51?]| +6ArcTan|
Cos[c+dx] -1 Cos[c+dx] -#1

Sin[c +dx]

#1%2 -3 i Log[1-2Cos[c+dx] #1+#12] 1#1? + 6 ArcTan | | m1% -
Cos[c+dx] -#1

Sin[c +dx]

3iLog[1-2Cos[c+dx] #l+m12] #1%+ 2 ArcTan 516 -

Cos[c+dx] -#1

ilog[l-2Cos[c+dx]al+nl?] 1:16)/ (-bn1-8an1®+3bn1®-3bu1®+bul’) &|

Problem 408: Result is not expressed in closed-form.

J Sec[c +dXx] q
X

a-bSin[c+dx]*

Optimal (type 3, 117 leaves, 7 steps):
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1/4 g4 1/a ¢4
b1/4 ArcTan [ b/*Sin[c+d x } b1/4 ArcTanh [ b'/*Sin[c+d x ]

J1/4 ArcTanh[Sin[c +dx]] al/4
+ _
2274 (vVa + /b | d (a-b)d 227 (va -/b | d
Result (type 7, 342leaves):
_r
8ad-8bd

(—8 Log[Cos[

N |

(c+dx)] —Sin[% (c+dx)]] +8Log[Cos[§ (c+dx)] +sin|

N |

(erax]]] -

bRootSum|[b-4b#1?-16au1* + 6brl* -4bnl® + bul® &,

Sin[c+dx] Sin[c+dx]

2 ArcTan|

| -ilog[1-2Cos[c+dx] nl+u1?| -10ArcTan|
Cos[c+dx] -#1 Cos[c+dx] -#1

Sin[c +dx]

#1%+ 51 Log[1-2Cos[c+dx] #1+11%] #12 - 1@ ArcTan| | m1t+

Cos[c+dx] -#1
Sin[c+dx]

5iLog[1-2Cos[c+dx] #l+n1?] #1%+2ArcTan| 116 -

Cos[c+dx] -#1

ilog[l-2Cos[c+dx]nl+nl?] 1116]/ (-br1-8an1®+3bn1®-3bnl®+bnl’) &|

Problem 409: Result is not expressed in closed-form.

Sec[c+dx]3
j dx

a-bSin[c+dx]*
Optimal (type 3, 175leaves, 7 steps):

3/4 b'/4Sin[c+d x
b*/4 ArcTan | ] (a-5b) ArcTanh[Sin[c +d x]]

al//A
+ +
233/4(\/;“/3)2(1 2 (a-b)%d
b3/4 Ar‘cTanh[—m1 sinfcrdx] |
al//4 1 1

+ —

2 33/4 (ﬁfﬁ)zd 4 (a-b)d(1-Sin[c+dx]) 4 (a-b)d(1+Sin[c+dx])

Result (type 7, 529 leaves):



94 | Mathematica 11.3 Integration Test Results for 4.1.7 (d trig)~m (a+b (c sin)”~n)”p.nb

_r
4 (a-b)*d

-2 (a-5b) Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]]+

2 (a-5b) Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]+
1

bRootSum[b—4bH12—16a1114+6bttl4—4btt16+b1118 &,
-bgl1-8an1®*+3br13-3bx1®+ bul’
Sin[c +dx]

(ZbAr‘cTan[ | -iblog[1-2Cos[c+dx]#l+u1?] -

Cos[c+dx] -#1

Sin[c +dx] ) Sin[c+dx] )
4aAr‘cTan[ ]111 —6bAr‘cTan[ ]J:tl +
Cos[c+dx] -#1 Cos[c+dx] -#1
2ialog[l-2Cos[c+dx]nl+n1?] #1%+31iblog|[l-2Cos[c+dx]ul+n1?] 1% -
Sin[c+dx Sin[c+dx
4aArcTan| [c+dx] | #1* - 6 b ArcTan| [c+dx] | #1% +
Cos[c+dx] -#1 Cos[c+dx] -#1
2ialog[l-2Cos[c+dx]nl+u1?| #1*+31iblog[l-2Cos[c+dx]ul+nl?| w1+
Sin[c+dx
2bArcTan| L€ 9% 116 iblog[1-2Cos[c+dx] m1+u12]u16] &] +
Cos[c+dx] -#1

+

a-b -a+b ]
(Cos[i <c+dx)] —Sin[i (CerxH)2 (Cos[i <c+dx)] +Sin[§ (c+dx>])2

Problem 410: Result is not expressed in closed-form.

Sec[c+dx]°
J dx

a-bSin[c+dx]*

Optimal (type 3, 249 leaves, 7 steps):

1/4 ¢
b5/4 ArcTan [ b'/*Sin[c+d x }
al/4

(3a®?-6ab+35b%) ArcTanh[Sin[c +d x] ]

+ —

2a3/4(\/?+\/3)3d 8(a—b)3d

R
b5/4 Ar‘cTanh[—;Lb *sinfc+dx ]

al/4

1 3a-11b

+ +

2 33/4 (\/?‘\/F>3d 16 (a-b)d (1-Sin[c+dx])? 16 (a-b)*d (1-Sin[c+dx])

1 3a-11b

16 (a-b)d (1+Sin[c+dx])? 16 (a-b)*d (1+Sin[c+dx])

Result (type 7, 731leaves):
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o 2 _6ab+ 2ooslc+xfin1c+x+
PYRE ~2(3a>-6ab+35b2) Log[C [2( dx)|-s [2( dx)]]

2 (3a>-6ab+35b?) Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]-

2b? RootSum[b - 4bn1%-16anl* + 6 bnl* -4bul® + bul® &,

1 Sinf[c +dx]
2 aArcTan| |+
-bf1-8am1®+3br1®-3bm1° +bnl’ Cos[c+dx] -1
Sin[c+dx]

6 b ArcTan|

| -ialog[1-2Cos[c+dx]nl+nl?] -
Cos[c+dx] -#1

Sin[c +dx]

3iblog[l-2Cos[c+dx]al+H1?| -26aArcTan| | m12 -

Cos[c+dx] -#1

Sin[c +d x]
14 bAr‘cTan[

| #1?+13ialog[1-2Cos[c+dx] #l+11?]| 51+
Cos[c+dx] -1

) ) ) Sin[c +dx]
7iblog[l-2Cos[c+dx]fl+nl?| 512 -26aArcTan|

| 514 -
Cos[c+dx] -H1

Sin[c +dx]
14 bAr‘cTan[

| #1*+13ialog[1-2Cos[c+dx] 5l +u1?| 51%+
Cos[c+dx] -#1

) ) 4 Sin[c +dx]
7iblog[l-2Cos[c+dx]#l+a1%] #1*+2aArcTan]|

]H16+
Cos[c+dx] -#1
Sin[c +dx]

6 b ArcTan| | #1°-ialog[1-2Cos[c+dx] #l+n1?| m1° -

Cos[c+dx] -#1

3iblog[l-2Cos[c+dx]nl+nl?| m1®| & +
(a-b)? (3a-11b) (a-b) i
(Cos[% (c+dx)] —Sin[% (c+dx)”4 (Cos[% (c+dx)] —Sin[% (c+dx>”2

(a-b)?

(Cos[i <c+dx)] +Sin[§ (c+dx”)

+
4

(a-b) (-3a+11b) ]

(Cos[i (c+dx)] +Sin[§ (c+dx>”2

Problem 420: Unable to integrate problem.

JCOS[G+'FX}5 (a+bsinfe+fx]*)Pdx

Optimal (type 5, 197 leaves, 8 steps):
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Sin[e + f x] <a+bSin[e+1‘:x14)1+p 1
bf (5+4p) bf (5+4p)
. 1 5 bSin[e+fx]%, _. . 4\ p
(a-b (5+4p)) Hypergeometric2F1[~, -p, =, -~ | Sin[e+fx] (a+bSin[e+fx]*)
4 4 a
bSinfe+fx]*\ P 1 . 3 7 bSin[e+fx]*
1+ ———————| - ——2Hypergeometric2f1[~, -p, —, - ——————|
a 3f 4 4 a

bSin[e+fx]4) P

Sin[e+fx]> (a+bSin[e+fx]*)° [1+
a

Result (type 8, 25leaves):

JCOS[E-%—'FX}S (a+bsinfe+fx]*)Pdx

Problem 421: Unable to integrate problem.

JCos[eH:x}3 (a+bsin[e+fx]*)Pdx

Optimal (type 5, 140 leaves, 7 steps):

1 . 1 5 bSinfe+fx]*, . . ayp
~Hypergeometric2F1[~, -p, =, -—————————| Sin[e+fx] (a+bSin[e+fx]*)
f 4 4 a
bSin[e+fx]*\ P 1 . 3 7 bSin[e+ fx]*
1+ ———————| - ——Hypergeometric2F1[~, -p, —, - ——————|
a 3f 4 4 a
bSin[e+fx]*\ P

Sin[e+fx]? (a+bSin[e+fx]*)" |1+

a

Result (type 8, 25leaves):

jCos[eH:x}3 (a+bsin[e+fx]*)Pdx

Problem 423: Unable to integrate problem.

JSec[emcx} (a+bsinfe+fx]*)Pdx

Optimal (type 6, 158 leaves, 7 steps):

1 1 5 . ., bSinfe+fx]*. . 4\ p

~AppellFi[~, 1, -p, —, Sin[e+fx]*, -~ | Sin[e+fx] (a+bSin[e+fx]*)

f 4 4 a

» 7 . . bSinfe+fx]*

—, Sin[e+fx]*, - ——————

4 a
bSin[e+fx]*\?

L 2-InierT X/ 7

]

[ bSin[e+fx]*
1y —

1 3
+ ——AppellFi[ =, 1, -p,
a 3f 4

Sinfe+fx]? (a+bSin[e+fx]*)° [1
a

Result (type 8, 23 leaves):

JSec[emcx} (a+bsinfe+fx]*)Pdx
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Problem 424: Unable to integrate problem.

JSec[ewa}3 (a+bsin[e+fx]*)Pdx

Optimal (type 6, 239 leaves, 9 steps):

1 1 5 . ., bSinfe+fx]*
prpellFl[f, 2, -p, —, Sin[e+ fx]*%, ——}
f 4 4 a
bSin[e+fx]4) P
Dolfer AL,

1
1+ —
3f

Sin[e+fx] (a+bSin[e+fx]*)?
a

b Si fx]4
—M} Sinfe+fx]? (a+bSin[e+fx]*)P
a

3 7 X

2 AppellFl| =, 2, -p, —, Sin[e+fx]*,
4 4
bSinfe+fx]*4\ P 1 5 9 . ., bSinfe+fx]*
1+ ————————| + ——AppellF1][~, 2, -p, =, Sin[e+fx]*4, - ——]|
5f 4 4 a

bSin[e+fx]*

a
-p

Sin[e+fx]® (a+bSin[e+fx]*)P [1+
a

Result (type 8, 25leaves):

JSec[e+fx}3 (a+bsinfe+fx]*)Pdx

Problem 431: Unable to integrate problem.
JCOS[G+'FX]5 (a+bsinfe+fx]")Pdx

Optimal (type 5, 226 leaves, 9 steps):

1 . 1 1 bSin[e+fx]"
~Hypergeometric2F1| =, -p, 1+ —, - ————— |
f n n a
. X bSin[fe+fx]"\P 1
Sinfe + f x] (a+b51n[e+fx]”)p(1+— -
a 3f
X 3 3+n bSin[e+ fx]" X 3 .
2 Hypergeometric2F1| =, -p, , - | sinfe+fx]® (a+bSinfe+fx]")P
n n a
bSin[e+fx]"\ P 1 . 5 5+n bSin[e+fx]"
(1+ ———————| + ——Hypergeometric2Fi[~, -p, , - ]
a 5f n n a

bSin[e+fx]"\P
1 —MmM——

Sin[e+fx]> (a+bSin[e+fx]")P
a

Result (type 8, 25leaves):

JCOS[E-%—'FX]S (a+bsinfe+fx]")Pdx

Problem 432: Unable to integrate problem.

JCos[eﬂcxf‘ (a+bsinfe+fx]")Pdx
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Optimal (type 5, 148 leaves, 7 steps):

1 . 1 1 bSin[e+fx]"
~Hypergeometric2F1[ =, -p, 1+ —, - —————————
f n n a
bSinfe+fx]"\P 1 . 3 3+n bSin[e+fx]"
[1 ————— - —Hypergeometric2F1 [ -5 - P, y — ]
a 3f n n a

| sinfe+fx] (a+bSin[e+fx]")P

bSinfe+fx]"\P
Sinfe+fx]? (a+bSin[e+fx]")P 1+#
a

Result (type 8, 25leaves):

JCos[e+fx}3 (a+bsinfe+fx]")Pdx

Problem 474: Result more than twice size of optimal antiderivative.

Tan[e + f x]?

dx

\/afasin[eﬂcx]2

Optimal (type 3, 62leaves, 4 steps):

ArcTanh[Sin[e+f x]] Cos[e + f X] Tan[e + f Xx]
- +

2f+/aCos[e+fx]? 2f+/aCos[e+fx]?
Result (type 3, 142leaves):

Secle + f x] Log[Cos[1 (e+fx)] 7Sin[1 (e+fx)]]+Cos[2 (e+fx)]

2 2

Log[Cos[% (e+fx)]-sin]

N |

(e+Fx)]] 7Log[Cos[§ (e+fx)] +sin]

N |

(e+#x)]]| -

)/ (4f aCos[e+fx}2)

Problem 483: Result more than twice size of optimal antiderivative.

Log|Cos |

—

e+fx)|]+2sin[e+fx]

N |

(e+-Fx>] +Sin[%

dx
3/2

J Tan[e + f x]?
(

a-asinfe+fx]?)

Optimal (type 3, 106 leaves, 5steps):

ArcTanh[Sin[e + fx]] Cos[e + fx] Tan[e + f x] Sec[e+fx]2Tan[e + f x]
- - +

8af.aCos[e+fx]? 8af~/aCos[e+fx]?2 4af./aCosfe+fx]?

Result (type 3, 213 leaves):
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1

Sec[e + fX]

3 Log[Cos[

N |-

(e+fx)} - Sin| (e+-Fx)H +

N |

64 f (aCos[e+fx]2)>?

4Cos[2 (e+fx)| [Log[Cos|[~ (e+fx)]-Sin]

(e+'FX>H -

(e+-Fx)H] +Cos [4 <e+-Fx)]

N |
N |

Log[Cos[i (e+fx)]+sin]

N |

Log[Cos[% (e+fx)] —Sin[i (e+fx)]] —Log[Cos[% (e+fx)] +Sin[§ (e+-Fx>H) -

3 Log[Cos |~ (e+fXx) ] +Sin[1 (e+fx)]] +14Sin[e+fx] -25in[3 (e+fx)]
2

N |

Problem 543: Result more than twice size of optimal antiderivative.

a+bSin[e+fx]?)? (dTan[e + fx])"dx
(

Optimal (type 6, 120leaves, 3 steps):

1+m 1+m 3+m , bsin[e+fx]?
AppellF1| , y D , Sinfe+fx]?%, - —————
df (1+m) 2 2 2

]

a
-P

bSin[e+f
boinfer T x]” (dTan[e+fx])1”“

(Cos[eﬂcx]z)lzﬂ (a+bsin[e+fx]?)P (1+

a

Result (type 6, 260 leaves):

1+m 1+m 3+m . , bsin[e+fx]?
a (3+m) AppellF1| -p, , Sinfe+fx)?, - ——]

27 2 2 a
(a+bsinfe+fx]?)P Tan[e + fx] (dTan[e+-Fx])m/
1+m 1+m 3+m . , bsinfe+fx]?
f(1+m) |a (3+m) AppellF1] , y =P, , Sinfe+fx]?, - ——— ] +
2 2 2 a

3+m 1+m 5+m . , bsin[e+fx]?
2bpAppellFi| s ,1-p, —, Sinfe+fx)?, -——————| +a (1+m)
2 2 a

3+m 34+m 5+m . , bsinfe+fx]?
AppellFl[ N R s =P, , Sinfe+fx]°, - ——m——

2 2 a

]] Sin[e + fx]?

Problem 547: Unable to integrate problem.

JCot[c+dx}3 (a+bsin[c+dx]?)Pdx

Optimal (type 5, 95 leaves, 3 steps):

Csclc+dx]2? (a+bSin[c+dx]2)"P 1
- +

2ad 2a%d (1+p)

. bSin[c+dx]? . 2\ 1ep
(a-bp) Hypergeometric2F1[1, 1+p, 2+p, 1+ — | (a+bSin[c+dx]?)

a
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Result (type 8, 25leaves):

JCo‘c[c+dx13 (a+bsin[c+dx]?)Pdx

Problem 552: Result is not expressed in closed-form.

Cot[x]3
———dx
Ja +bsin[x]?

Optimal (type 3, 153 leaves, 11 steps):

2/3 al/3_2bY3sin[x .
b4/? ArcTan [ U3 ] Csc[x]2 Log[Sin[x] ] b2/3 Log [a1/3 +bl/3Sin[x] }

/3 a°/3 2a a 3 g°%/3

b2/3 Log[aZ/3 - al/3pl/3sin[x] +b?/3 Sin[x]z] Log[a + bSin[x}3]
+

+

6a°/3 3a

Result (type 7, 210leaves):
1

24a
(8Root5um[a+3an12+8bn13+3an14+att16 &, (7b Log[—H1+Tan[£H +aLog[—H1+Tan[£HH1+
2 2
4bLog[4¢1+Tan[5H H12+2aLog[—H1+Tan[i]] tt13+bLog[—H1+Tan[iH 1%+
2 2 2

XH 1115)/ (anl+4bni®+2an1®+anl®) &) -

2
[ +Sec[£]2)]

X ;2 X2 .
3 (Csc[—] +8 (Log[Sec =]"] + Log[sin[x]]
2 2 2

alog[-#1+Tan|

Problem 554: Result more than twice size of optimal antiderivative.
Cot [Xx] dx
\Ja+bsSin[x]3
Optimal (type 3, 28 leaves, 4 steps):
2Ar‘cTanh[lzamsm X1 ]

a

3va
Result (type 3, 66 leaves):

2+/b Arcsinh [ {2 CClit] [ buacecius
b

3+/a Csc[x]3/2+/a+bsSin[x]3
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Problem 555: Result more than twice size of optimal antiderivative.

JCot[c+dx1 \/a+bSin[c+dx]4 dx

Optimal (type 3, 59 leaves, 5 steps):

/a ArcTanh | = | Ja+bsinfc-dx®
_ +

2d 2d

Result (type 3, 166 leaves):

[\/Cos[c+dx]4 (a+2aTan[c+dx]?+ (a+b) Tan[c+dx]?)

Va

Log[Tan[c +dx]?] —Log[a+aTan[c+dx}2+\/?\/a5ec[c+dx]4+bTan[c+dx]4]

Sec[c+dx]2+\/aSec[c+dx]4+bTan[c+dx}4))/ [Zd\/aSec[c+dx]4+bTan[c+dx]4)

Problem 556: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[c +dx]3

dx

\/a+bSin[c+dx]4

Optimal (type 3, 89leaves, 4 steps):

aAr‘cTanh[ a+bSinfc+d x]? ]
Vaib ~/asbSin[c+dx]* Sec[c+dx]2\/a+bsin[c+dx]4
- +
2<a+b>3/2d 2(a+b)d

Result (type 4, 63448 leaves): Display of huge result suppressed!

Problem 557: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[c +dx]

dx

\/a+bSin[c+dx]4

Optimal (type 3, 51leaves, 3 steps):

: 2
ArcTanh [ a+bSin[c+d x] ]

a+b ~/a+bSin[c+dx]*
2+a+b d

Result (type 4, 39909 leaves) : Display of huge result suppressed!
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Problem 558: Result more than twice size of optimal antiderivative.

Cot[c +dx]

dx

\/a+bSin[c+dx]4

Optimal (type 3, 35leaves, 4 steps):
ArcTanh [ A/a+bSin[c+dx 4 ]

a
2+/a d

Result (type 3, 142leaves):

[\/8a+3b—4bCos[2 (c+dx)] +bCos[4 (c+dx)]

(Log[Tan[c+dx]2] —Log[a+aTan[c+dx]2+\/?\/a5ec[c+dx]4+bTan[c+dx]4 ])

Sec[c+dx]?

/(4\/7\/a_d\/a+2aTan[c+dx]2+ (a+b) Tan[c+dx]*

Problem 559: Result more than twice size of optimal antiderivative.

Cot[c+dx]3

dx

\/a+bSin[c+dx]4

Optimal (type 3, 70leaves, 5steps):

ArcTanh[ = } cSc[c+dxj2\/a+bSin[c+dx}4
2+/a d 2ad

Result (type 3, 185leaves):

—([\/8a+3b—4bCos[2 (c+dx” +bCos[4(c+dx)]

Va

Log[Tan[c +dx]?] —Log[a+aTan[c+dx]2+V?\/aSec[c+dx]4+bTan[c+dx]4 ]]

)/

Sec[c+dx12+Csc[c+dx]2\/a+2aTan[c+dx]2+ (a+b) Tan[c+dx]*

|

Problem 561: Result unnecessarily involves imaginary or complex numbers.

(4\/7ad\/a+2aTan[c+dx]2+ (a+b) Tan[c+dx]*

Tan[c+dx]?

dx

\/a+bSin[c+dx]4

Optimal (type 4, 411 leaves, 4 steps):



Mathematica 11.3 Integration Test Results for 4.1.7 (d trig)~m (a+b (c sin)”~n)”p.nb | 103

Cos[c+dx]Sin[c+dx] (a+2aTan[c+dx]?+ (a+b) Tan[c+dx]*)

Va+b d\/a+b51n c+dx]4 (\F +/a+b Tan[c+dx]2)

a+b)Y*Tan[c+dx 1
a4 Cos[c+dx]?EllipticE[2ArcTan]| ( ) [ ] ], =1~ Va ]
a1/4 2 /—a+b

a+2aTan[c+dx]?+ (a+b) Tan[c+dx]* /

(\/?+\/a+b Tan[c+dx]2)
(\/?+\/a+b Tan[c+dx]2)2

[(a+b)3/4d\/a+bsin[c+dx14 + a4 Cos[c +dx]?

b)Y4T d
EllipticF[zAr‘cTan[<a+ ) anics X]],l 1- Va J] (\/?+\/a+b Tan[c+dx]2)
at/ 2 Va+b

a+2aTan[c+dx]?+ (a+b) Tan[c+dx]*

(\/?+x/a+b Tan[c+dx]2)2

/(z (a+b)**d+/a+bsin[c+dx)®

Result (type 4, 291 leaves):

2i+/2 va Cos[c+dx]? |EllipticE[i ArcSinh]| ib Tan[c+dx] | \/?H.H/_]—
Va va -i+b
EllipticF[i ArcSinh| —jH/F Tan[c+dx] |, M]
Va Va -ib
1+ 1—]1\/F Tan[c +dx]? 1+[1+j\/F Tan[c +dx]? /
VT vz
[(\/?Jri\/F) 7]1\/3 d\/8a+3b—4bCos[2(c+dx)]+bCos[4(c+dx)] ]
a

Problem 562: Result unnecessarily involves imaginary or complex numbers.

J dx
\/a+b51n c+dx]*

Optimal (type 4, 162 leaves, 2 steps):
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a+b)Y*Tan[c +dx 1 a
Cos[c+dx]?EllipticF[2ArcTan| ( ) [ ] ], = [1— Va J}
al/4 2 fa:b

a+2aTan[c+dx]?+ (a+b) Tan[c+dx]* /

(\/?+\/a+b Tan[c+dx}2)
(\E+\/a+b Tan[c+dx]2)2

(2a1/4 (a+b)1/4d\/a+bsin[c+dx14

Result (type 4, 195leaves):

2i Cos[c+dx]?EllipticF[iArcSinh| [1- = Tan[c+dx] |,

Va Va -ivb

1+ 1+jl Tan[c+dx]? |2+ 2—2]1\/F Tan[c +dx]? /
vF Ve
1—].1\/F d\/8a+3b—4bCos[2 (c+dx)] +bCos[4 (c+dx) |
Va

Problem 563: Result unnecessarily involves imaginary or complex numbers.

Cot[c+dx]?

dx

\/a+bSin[c+dx]4

Optimal (type 4, 477 leaves, 6 steps):
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(Cos[c+dx]*Cot[c+dx] (a+2aTan[c+dx]*+ (a+b) Tan[c+dx}4))/

]+
(\/a+b Cos[c+dx] Sin[c+dx] (a+2aTan[c+dx]?+ (a+b) Tan[c+dx]4))/

[ad\/aerSin[Cerx}4 (\/?+\/a+b Tan[c+dx}2)J -

ad\/a+bSin[c+dx]4

(a+b) 14 cos[c+dx]2EllipticE [2ArcTan|

(a+b)¥*Tan[c+dx] 1 L JVa
al/4 }’ 5 -

a+2aTan[c+dx]?+ (a+b) Tan[c+dx]* /

(\/?+\/a+b Tan[c+dx]2)
(\/?+\/a+b Tan[c+dx]2)2

[a3/4d\/a+bsin[c+dx]4 +](a+b)* Cosc+dx]?

b)**T d
EllipticF[2ArcTan]| (a+b)” Tanlc+dx] ] o Va J] (\/?+x/a+b Tan[c+dx]?
at/4 2 Va+b

a+2aTan[c+dx]?+ (a+b) Tan[c+dx]*

(\/?+\/a+b Tan[c+dx}2>2

/(2a3/4d\/a+bsin[c+dx]4

Result (type 4, 378 leaves):

| 105
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\/8a+3b—4bCos[2 <c+dx)] +bCos[4 (c+dx>] Cot[c +dx]

2+/2 ad
1
Cos[c+dx]*|aSec[c+dx]*Tan[c+dx] +bTan[c+dx]°+ ————
1_ iV
\a

(ja+\5\/3) EllipticE[jAr‘cSinh[ 1—]1\/F Tan[c+dx]}, M]—

i a +iVvb
EllipticF[jAr'cSinh[ 1—]l Tan[c+dx]],@

Va Va -ivb
Sec[c+dx]2\/1+

Tan[c+dx]? |1+ [1+ i
Va

(ad\/Cos[c+dx}4 (a+2aTan[c+dx]*+ (a+b) Tan[c+dx]*) )

i
1-
Va

Tan[c +dx]? /

Problem 565: Result more than twice size of optimal antiderivative.

j(a+bSin[c+dx]4)pTan[c+dx}3d1x

Optimal (type 6, 279 leaves, 11 steps):

a+bSin[c+dx]4}

([(a+b+2bp) Hypergeometric2F1[1, 1+p, 2+p, (a+bSin[c+dx}4)1+p]/

a+b

S dx]? (a+bsi +dx]4)tP
(4<a+b>2d<1+p>))+ eclerdx)? (a+bsinlcrdx]?) "

2(a+b)d
1 3 . bSin[c+dx]*
——————(a+b+2bp) AppellF1][ =, 1, -p, =, Sin[c+dx]*, - ———|
2 (a+b)d 2 2 a
bSin[c+dx]*\?
Sin[c+dx]2(a+bSin[c+dx]4)p[1+M +
a
1 . 1 3 bSin[c+dx]*
—————b (1+2p) Hypergeometric2fF1|—, -p, =, - —————— |
2 (a+b)d 2 2 a
dX}4 -p

bSin[c
Sin[c+dx]? (a+bSin[c+dx]*)P [1+[—+

a

Result (type 6, 2007 leaves):
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(a+b) Sec[c+dx]? (a+b)Sec[c+dx]?
- (1-2p) AppellF1[-2p, -p, -p, 1-2p, - s |+
-b++/-ab b++v-ab
(a+b)sec[c+dx]? (a+b)Sec[c+dx]?
2pAppellF1[1-2p, -p, -p, 2-2p, - ) ]
-b++-ab b++v-ab

Sec[c+dx]?| (a+bSin[c+dx]*)PTan[c+dx]?

-P

{—a+\/—ab - (a+b) Tan[c+dx]2J_ID [a+\/—ab +(a+b) Tan[c+dx]?
-b++-ab

/

b++-ab

(Cos[c+dx]* (a+2aTan[c+dx]*+ (a+b) Tan[c +dx]*))?

4dp (-1+2p) ! (a+b) sec[c+dx]?|(1-2p) AppellF1[-2p, -p,
2(-b+v/-ab | (-1+2p)
(a+b) Sec[c+dx]? (a+b)Sec[c+dx]?
-p,1-2p, - , | +2pAppellF1[1-2p, -p,
-b++-ab b++v-ab
b} S dx]? b) S dx]?
—p,2—2p,—<a+ ) seclc +dx] s (2 ) eclerdx] | secic+dx]?| Tan[c +dx]
~b++/-ab +V-ab
[a+\/ab(a+b ) Tan[c +dx] J [ 7ab+(a+b)Tan[c+dx]2 P
b+v-ab +\/-ab
(Cos[c+dx]* (a+2aTan[c+dx]*+ (a+b) Tan[c+dx]4))p—

1
2(b+v-ab| (-1+2p)
(a+b)Sec[c+dx]? (a+b)Sec[c+dx]?

+v"ab  bev-ab
(a+b)Sec[c+dx]? (a+b)Sec[c+dx]?
bsiab  be/ab
—a++/-ab - (a+b) Tan[c+dx]? P ai/-ab + (a+b) Tan[c+dx]?
[ b++v-ab ++/-ab

(Cos[c+dx]* (a+2aTan[c+dx]?+ (a+b) Tan[c+dx]*) )" -
1 {—a+\/—ab - (a+b) Tan[c+dx]? ’ [a+\/—ab + (a+b) Tan[c+dx]2JID
4p (-1+2p) b+v_-ab \/~ab

(Cos[c+dx]* (a+2aTan[c+dx]*+ (a+b) Tan[c +dx]*))"
(a+b) Sec[c+dx]? (a+b)Sec[c+dx]?

-b++-ab b++-ab

4 (a+b) p? AppellF1l (1-2p,

(a+b) sec[c+dx]®|(1-2p) AppellF1[-2p, -p, -p,

1-2p, - | +2pAppellF1[1-2p, -p, -p,

2-2p, -

| sec[c+dx]?| Tan[c +dx]

-p

4pAppellF1[1-2p, -p, -p, 2-2p, -

]

Sec[c+dx]*Tan[c+dx] + (1-2p) {
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(a+b) Sec[c+dx]? (a+b)Sec[c+dx]?
-b++/-ab ’ b++-ab
Sec[c+dx]2Tan[c+dx]J/ (<7b+\/7ab> (12p))) +

]

1_p1 _sz_sz -

b) s dx12
4 (a+b) pzAppellFl[l—ZP,—p,1_p,2_2p)_(a* ) Sec[c+dx] ,

-b++-ab
/([o+v=ap) <1zp))]+

(a+b) Sec[c+dx]?
b++-ab

[2 (a+b) (1-2p) pAppellF1[2-2p, 1-p, -p, 3-2p,

| sec[c+dx]?Tan[c +dx]

2pSec[c+dx]?

(a+b) Sec[c+dx]? (a+b)Sec[c+dx]?
- s ]Sec[c+dx]2Tan[c+dx}J/
-b++-ab b++v-ab

((—b+\/—ab) (2—2p))—(2 (a+b) (1-2p) pAppellF1[2-2p,
(a+b) Sec[c+dx]? (a+b)Sec[c+dx]?
bivab  bi/ab

Sec[c+dx]2Tan[c+dx]]/((b+\/—ab) (Z—Zp))]]—

]

*P:1*P:3*2P) -

1 (a+b) Sec[c+dx]?
————— | (1-2p) AppellFi[-2p, -p, -p, 1-2p, - )
4 (-1+2p) -b++/-ab

(a+b) Sec[c+dx]?

| +2pAppellF1[1-2p, -p, -p, 2-2p,

b++v-ab
b) S dx]? b) S dx]?
7(a+ ) Sec[c+dx] , (a+b) Sec[c+dx] | secic - dx)?
-b++/-ab b++-ab
[—a+\/—ab - (a+b) Tan[c+dx]? ’ [a+\/—ab + (a+b) Tan[c+dx]2Jp
b++v-ab -b++-ab

(Cos[c+dx]* (a+2aTan[c+dx]?+ (a+b) Tan[c+dx]4))’1*p

(Cos[c+dx]* (4aSec[c+dx]*Tan[c+dx] +4 (a+b) Sec[c+dx]?Tan[c+dx]>?) -

4Cos[c+dx]?>Sin[c+dx] (a+2aTan[c+dx]*+ (a+b) Tan[c+dx}4))]

Problem 566: Result more than twice size of optimal antiderivative.

J(a+b$in[c+dx]4)pTan[c+dx} dx

Optimal (type 6, 141 leaves, 7 steps):
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a+bSin[c+dx]*

Hypergeometric2F1[1, 1+p, 2+p, | (a+bsSinfc+dx]*) 1+p

/

a+b

5 4
(4(a=b)d(1+p)) + —AppellFi[ T, 1, -p, >, Sin[c+dx*, - ool 9XI)
2d 2 2 a
. 4\ p
Sin[c+dx]2(a+bSin[c+dx]4)p[1+b51n[c+dx]
a
Result (type 6, 466 leaves):
A/ b} S dx]?
B ("“ ‘ab) (b+m) <_1+2P>APP911F1[—2P;—P:—P,l—ZP,—<a+ ) seclc+dx) ,
by ab
b) S dx]?
(2+5) secle+dx | Cos[c+dx] Sin[c+dx] (a+bSin[c+dx]*)P
b++v-ab
(—a+m— (a+b) Tan[c+dx}2) (a+m+ (a+b) Tan[c+dx]2) /
2 (a+b) sec[c+dx]?
(2 (a+b) dp[b<—1+2p) AppellF1[-2p, -p, -p, 1-2p, - ,
bevoab

(a+b) Sec[c+dx]?

| sin[2 (c+dx) ] +2p ((b+\/ab)AppellF1[12p, 1-p,
b++v-ab

(a+b) Sec[c+dx]? (a+b)Sec[c+dx]?

-b++-ab b++-ab

(a+b) Sec[c+dx]? (a+b)Sec[c+dx]? ]

-b++-ab b++v-ab

|

—pJZ—ZP) -

]+(b—m)

AppellF1[1-2p, -p, 1-p, 2-2p, -

Tan[c+dx] | (a+2aTan[c+dx]?+ (a+b) Tan[c+dx]?)

Problem 568: Unable to integrate problem.

JCot[c+dx}3 (a+bsin[c+dx]*)Pdx

Optimal (type 5, 127 leaves, 6 steps):

. bSinf[c+dx]*
———————Hypergeometric2F1[1, 1+p, 2+p, 1+ —
4ad (1+p) a

1 5 . 1 1 bSin[c+dx]*
——Csc[c +dx]?Hypergeometric2F1[- =, -p, =, - ———————|
2d 2 2 a

] (a+bSin[c+dx]4)l*pf

bSin[c+dx]*\?
(a+bsin[c+dx]?)P 1+#
a

Result (type 8, 25leaves):

JCot[c+dx}3 (a+bsin[c+dx]*)Pdx

Problem 574: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.
J(a+bSin[c+dx]”)3Tan[c+dx}"‘d1x

Optimal (type 5, 306 leaves, 10 steps):

a® Hypergeometric2F1[1, 1?"', %", ~Tan[c+dx]2]| Tan[c+dx] ™ 1
N
d(1+m) d(1+m+n)

1+m, : (L+m+n), l (3+m+n), Sin[c+dx]?]

1+m
2

3a’b (Cos[c+dx]?) 2 Hypergeometric2F1|

1
Sin[c+dx]"Tan[c+dx]1"y ——M—
d (1+m+2n)

(1+m+2n), 1 (3+m+2n), Sin[c+dx]?]

1+m 1
2 Hypergeometric2Fl[ —,
2

1
2 2

3ab® (Cos[c+dx]?)
o
d (1+m+3n)
+m 1 1 .

, —(1+m+3n), = (3+m+3n), Sin[c+dx]?]
2 2 2

Sin[c+dx]?"Tan[c+dx]¥™+

1+m
2

b® (Cos[c+dx]?) 2 Hypergeometric2F1l|

Sin[c+dx]3"Tan[c +dx]"

Result (type 6, 13001 leaves):

a’ (3+m) AppellFl[l;m, m, 1, 3+_m, Tan[l (c+dx)]2, —Tan[l (c+dx”2]
2 2 2 2

1+Tan[1 (C+dx)]2
2

Tan[i(c+dx)] ;
>]2J J/(“ |

Tan[1 <c+dx)]

2 —1+Tan[l(c+dx
2
((3+m) AppellFl[ﬂ, m, 1, M, Tan[l(c+dx)]2, —Tan[l(c+dx”2}—
2 2 2 2
Z[AppellFl[M, m, 2, Sﬂ, Tan[l(c+dx”2, —Tan[l(c+dx)]2}—
2 2 2 2
mAppellFl[m, 1+m, 1, M, Tan[1 (c+dx)]2, —Tan[l (c+dx)]2]
2 2 2
1 2 1
Tan[ = (c+dx) | )J+ 3 2"a2b<3+m+n)AppellF1[;(1+m+n),
2

m, 1+n, 1 (3+m+n),Tan[% (c+dx)]2, —Tan[; (c+dx)} ]

Tan[i (c+dx) |

n

/

(1+m+n), m,

Tan[i(c+dx)] Jm

1
Tan[;<c+dx)] 1+Tan[i(c+dx”2

71+Tan[§ <C+dx>]2

N |

[(1+m+n) (1+Tan[§ (c+dx)]2) [(3+m+n)AppellF1[

1+n, % (3+m+n),Tan[% <c+dX)]2, 7Tan[g (c+dx]]"] -
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1 1 1 2
2 ((1+n) AppellFl[E (3+m+n), my 2+n, N (5+m+n), Tan[; (c+dx)],

—Tan[l (c+dx) ]2} - mAppellF1]

5 (3+m+n),1+m,1+n,—

2

N |

(5+m+n), Tan[% (c+dx)}2, _Tan[i (c+dx>]2} Tan[% (c+dx”2]) +

(L+m+2n), m, 1+2n, 1(3+m+2n),

{3 2*"ab? (3+m+2n) AppellFl[1
2 2

Tan{% (c+dx”2, —Tan[i (c+dx)]2} Tan[% (c+dx) |

[ Tan[§<c+dx)] Jm Zn]/

—1+Tan[§ (c+dx”2
((1+m+2n) (1+Tan[% (c+dx)]2) [(3+m+2n)AppellF1[§ (1+m+2n),

Tan[i (c+dx)]

1+Tan[i (c+dx”

m,1+2n, 1 (3+m+2n), Tan[l <c+dx)]2, —Tan{l (c+dxH2] -
2 2 2

2|(1+2n) Appe11F1[l (3+m+2n), my 2 (L+n),
2

N |

(5+m+2n),Tan 1 (c+dx)]2,
2

[

1 2 1 1

~Tan| = (c+dx>] }—mAppellFl[; (3+m+2n), 1+m, 1+2n, ;
2

(5+m+2n), Tan|

N |

(c+dx>]2, —Tan[% <c+dx)]2] Tan[i (c+dx”2]) +

2°"b* (3+m+3n) AppellF1|

N |

(L+m+3n), my 1+3n, 1 (3+m+3n),
2

Tan[E (c+dx”2, —Tan[l (c+dx>]2} Tan[1 (c+dx)]

2 2 2
/
=

[ Tan[i(c+dx)] Tan[i(c+dx)]
(<1+m+3n) (1+Tan{l (c+dx)]2) {(3+m+3n)AppellF1[2

—1+Tan[§(c+dx”2 1+Tan[§(c+dx”2
2

1+m+3n),

m,1+3n, 1 (3+m+3n), Tan[1 (c+dx)]2, —Tan{l (c+dx”2] -
2 2 2

(5+m+3n),Tan[1 (c+dx)]2,
2

1
2|(1+3n) AppellFl[; (3+m+3n), m, 2+3n,

N |

—Tan[

N | =

2 1 1
(c+dx>] | -mAppellF1[ = (3+m+3n), 14m, 1+3n, —
2 2

(5+m+3n), Tan[% (c+dx>]2, 7Tan[§ (c+dx)]2] Tan[% (c+dx”2))]

(a®Tan[c+dx)"+3a*’bSin[c+dx]"Tan[c+dx]"+3ab’*Sin[c+dx]?"
Tan[c+dx]™+b?
Sin[c+dx]3"
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Tan[c+dx]")

/

[d {{[f (3+m) AppellF1[1+m, m, 1, M, Tan[1 (c+dx”2, -Tan|
2 2 2

1 2
— d
()]
Tan|[Y (c+dx "
Sec[l<c+dx)]2Tan{l(c+dxH2 - {2( )] /
2 2 —1+Tan[l(c+dx”2
2
1 1+m 3+m
(<1+m) 1+Tan[f c+dx) ] (3+m AppellFl[ ,m, 1, —,
2 2 2
1

Tan[z (c+dx)]2 —Tan[

lc-ax)]’]

) )

3+m 5+m
-2 |AppellF1[ ——, m,
2 2

Tan[% (c+dx)]2, —Tan{% (c+dx)]2] —mAppe11F1[3%m, 1+m, 1,
S;m’ Tan[% (c+dx”2, —Tan[i (c+dx)]2}] Tan[% (c+dx”2])] +

[a3 (3+m) AppellFl{lﬂ, m, 1, 3+7m) Tan{1 (c+dx)]2, —Tan[1 (c+dx)}2}
2 2 2 2

m
; J/(z (1+m)
1+m 3+m
((3+m) AppellFl[—, m, 1, ——
2

- ,Tan[% (c+dx)]2, 7Tan[§ (c+dx”2} _

Tan[i (c+dx”

Sec[% <c+dx)]2

1+Tan[1 (c+dx”2)

—1+Tan[i(c+dx)] 2

3+m 5+m 1 2 1 2

2 [AppellF1[ ==, m, 2, 2, Tan| = d , —Tan| = d -

(ppe [ A m A an[z(c+ x) | an[z(c+ x)]7]

mAppellFl[B;m,Lfm, 1, S;m, Tan[l(c+dx)]2,—Tan[1(c+dx)]2]
2

2 2
Tan[i (c+dx”2)) + {a3 (3+m) Tan[% (c+dx)]

(7 = (1+m) AppellF1[1+ﬂ, m, 2, 1+ 3+m, Tan[1 (c+dx)]2, 7Tan[1 (c+dx)]2]
3+m 2 2 2

2
1 2 1
S — d T — d 1 A 11F1 |1
ec[z(c+ x) | an[2 (c+ xH+3+mm( +m) Appe [1+ A
3+m 1 2 1 2 1 2 1
1 , T — d , =T — d S — d T — d
+ A an[z(c+ x” an[2<c+ x)]] ec[2<c+ x)] an[z(c+ x)}

[ Tan[i(c+dx)]

—1+Tan[§ (c+dx”2

1+Tan[1 (C+dx)]2
2

A

[(3+m) AppellFl[ﬂ, m, 1, 3+_m, Tan[1 (c+dx)]2, 7Tan[1 (c+dx”2} -
2 2 2 2
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3+_m, m, 2, 5;m, Tan[l (c+dx”2, —Tan[l (c+dx)]2} -
2

2 |AppellF1|
2 2
(c+dx) ]2]

3+m 5+m 1 2
mAppellFl{T, 1+m, 1, —, Tan[= (c+dx)]|", -Tan|

2

N |

Tan{% (c+dx”2)) -

3.2"a’b (3+m+n) AppellFl[l (1+m+n), m,
2

1+n, 1 (3+m+n), Tan[1 (c+dx”2, —Tan[l <c+dx)]2] Sec[l (c+dx)]2

{_ Tan[i(c+dx” Tan[i(c+dx)]
(L+men), m,

—1+Tan[%(c+dx)]2 1+Tan[§(c+dx)]2

<c+dx)]2J2 [(3+m+n>AppellF1{

N |
N |

[<1+m+n) (1+Tan[
1+n, % (3+m+n), Tan[% (c+dx)]2, 7Tan[§ (C+dXH2] -

1 1 1 2
+n) Appe — +m+n), my,2+n, — +m+n), Tan| — (c+dx ,
2((1 ) AppellFi[ = (3 ) 2 (5 ), Tan[ = (c+dX) |
2 2 2

1 2 1 1
—Tan[; (c+dx)] }—mAppellFl[; (3+m+n), 1+m, 1+n, ;

(5+m+n), Tan[% (c+dx”2, _Tan[i <c+dx>]2} Tan[% (c+dx”2]) +

{3 27" 2 (3+m+n) AppellFL[~ (1+men), m, 1+n, = (3+men),
2 2

Tan[i (c+dx”2, ~Tan|

[ Tan[§<c+dx)] Jm

—1+Tan[§ (c+dx”2

N |

(c+dx>]2} Sec[% (c+dx)]2
/

((1+m+n) (1+Tan[§ (c+dx)]2) [(3+m+n)AppellF1[

Tan[i (c+dx)]
)

1+Tan[i (c+dx }2

N |

(1+m+n), m,
1+n, : (3+m+n), Tan[1 <c+dx)]2, —Tan[l (c+dx”2] -
2 2 2

1 1 1 2
2 ((1+n) AppellF1[= (3+m+n), m, 2+n, = (S5+m+n), Tan[= (c+dx) |,
2 2 2

—Tan[1 (c+dx>]2} —mAppellFl[1 (3+m+n), 1+m, 1+n,

2 2 2
(5+m+n), Tan[l (c+dxH2, —Tan[l <c+dx)]2} Tan[l (c+dx”2]) +
2 2 2
3 2”a2b(3+m+n)Tan[l<c+dx)] 1 (1+n) (1+m+n)
2 3+m+n

1 1 1 2
AppellF1[1+ = (1+m+n), m, 2+n, 1+ = (3+m+n), Tan[; (c+dx)]7,
2 2
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_Tan[i (c+dx)]2} Sec[% (c+dx)]2Tan{§ (c+dx)]+ 3+;+n

1 1
m(1+m+n) AppellF1[1+ — (L+m+n), 1em, 1+n, 1+ = (3+m+n),
2 2

(c+dx)]2, —Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan[

Tan[%(c+dx)] n]/

(c+dx)]2) ((3+m+n)AppellF1[§ (L+m+n), m,
]_

1 1 1 2
2 [(1+n) AppellFl[; (3+m+n), m, 2+n, N (5+m+n), Tan[; (c+dx” ,

Tan| (c+dx”

N |
N |

[_ Tan[% (c+dx)]

—1+Tan[§ (c+dx”2

1+Tan[i (c+dx”

((1+m+n) (1+Tan[1

2

1+n, : (3+m+n), Tan[l (c+dx)]2, —Tan[l (c:+dx”2
2 2 2

—Tan[

N | =

(c+dx>]2} —mAppellFl[l (3+m+n), 1+m, 1+n, 1
2

(5+m+n), Tan[% (c+dx”2, _Tan[i <c+dx>]2} Tan[% (c+dx”2]) _

{3 22N 3 b2 (3+m+2n)Appe11F1[1 (1+m+2n), m,1+2n, 1 (3+m+2n),
2 2

Tan[% (c+dx”2, 7Tan[§ (c+dx)]2} Sec[i (c+dx)]2

{_ Tan[i (c+dx)]

—1+Tan[% (c+dx)]2

Tan[% (c+dx)]

Tan[l <c+dx)]2

2 2

I

{(1+m+2n) (1+Tan[§ (c+dx)]2)2 ((3+m+2n) AppellFl[i (1+m+2n),

1+Tan[§ (c+dx)]

m,1+2n,E(3+m+2n),Tan[l(c+dx)]2, —Tan[l(c+dx”2]—
2 2 2
1 1 1
2 |(1+2n) AppellFl[;(3+m+2n),m,2(1+n), £(5+m+2n),Tan g(c+dx)] ,

—Tan[

N |

(c+dx>]2} —mAppellFl[l (3+m+2n), 14m, 1+2n,
2

(5+m+2n), Tan[i (c+dx>]2, —Tan[% <c+dx)]2] Tan[% (c+dx”2)) +

(14m+2n), m, 1+2n, % (3+m+2n),

N |

{3 27127 ab? (3+m+2n) AppellFl|

Tan{i (c+dx”2, —Tan[% (c+dx)]2} Sec[% (c+dx)]2

[ Tan[§<c+dx)] Zn]/

—1+Tan{§ (c+dx”2

Tan[i (c+dx)]

1+Tan[i (c+dx”
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1

((1+m+2n) (1+Tan{2

(c+dx)]2) {(3+m+2n)AppellF1[% (1+m+2n),

1

m,1+2n, 1 (3+m+2n), Tan| <c+dx)]2, —Tan{l (c+dx”2] -
2 2

N

2 (1+2n)AppellF1[E(3+m+2n),m,2(1+n),1(5+m+2n),Tan[l(c+dx)]2,
2 2 2
1 2 1 1
~Tan|~ (c+dx>] }—mAppellFl[g<3+m+2n),1+m,1+2n,;
2
1 2 1 2 1 2
(5em+2n), Tan[= (c+dx)]%, ~Tan[= (c+dx)]*]| Tan[= (c+dx)] ])
2 2 2
{3 22" ab? (3+m+2n)Tan[1(c+dx)] —;(1+2n) (1+m+2n)
2 3+m+2n
1 1 1 2
Appe11F1[1+f(1+m+2n>,m,2+2n,1+7(3+m+2n),Tan[g(c+dxH ,
2 2
1 2 1 2 1 1
-T — d S — d T — d
an[z(c+ x)]7] ec[z(c+ x) | an[z(c+ X)]+3+m+2n

1 1
m(1+m+2n) AppellF1[1+ = (1+m+2n), 1+m, 1+2n, 1+ = (3+m+2n),
2 2

Tan[i (c+dx)]2, 7Tan[§ (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]

((1+m+2n) (1+Tan[§ (c+dx)]2) [(3+m+2n)Appe11F1[§ (1+m+2n),

Tan[% (c+dx)]

[ Tan[§<c+dx)]

—1+Tan[§(c+dx”2 1+Tan[i(c+dx”

m,1+2n, 1 (3+m+2n), Tan[l <c+dx)]2, —Tan[l (c+dx”2] -
2 2 2

1

—

2| (1+2n) AppellFi|
2

1 2 1
—Tan[; (c+dx) | }—mAppellFl[; (3+m+2n), 14m, 1+2n,

(5+m+2n), Tan[i (c+dx”2, —Tan[% <c+dx)]2] Tan[i (c+dx”2]) -

2>"b* (3+m+3n) AppellF1|

N |

(L+m+3n), my 1+3n, 1 (3+m+3n),
2

Tan[E (c+dx”2, —Tan[l (c+dx>]2} Sec[l (c+dx)]2

2 2 2
" Tan[l(c+dx” Tan[l(c+dx)] 30
Tan[1<c+dx)] - 2 ; 2 .
2 —1+Tan[i(c+dx)] 1+Tan[§(c+dx)] /
{(1+m+3n) (1+Tan[§ (c+dx)]2)2 ((3+m+3n) AppellFl[% (1+m+3n),
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(c+dx”2] -

(1+3n) AppellFl[l (3+m+3n), m, 2+3n, 1 (5+m+3n),Tan[1 (c+dx)]2,
2 2 2

m, 1+3n, 1 (3+m+3n), Tan[ <c+dx)]2, —Tan[
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2

—Tan[

N | =

(C“jXHz} Sec[i (c+dx”2Tan[% (c+dx)] +ﬁ

1
m (3+m+3n) Appe11F1[1+ (3+m+3n), 1+m, 2+3n, 1+;(5+m+3n),

(Cerx)]zTan[l (c+dx)]]-

Tan[l(c+dx”2,—Tan[ A

2 2

m

— N |,

(1+3n) (3+m+3n) AppellF1[1+ = (3+m+3n), 1+m,

1
5+m+3n 2
1 1 2 1 2
2+3n,1+> (5+m+3n),Tan[E (c+dx)], —Tan[; (c+dx)]7]
2

Sec[1 (c+dx”2Tan[1 (c+dx)] +¥<1+m> (3+m+3n) AppellFl]
2 2 5+m+3n

1 1 1 2
1+—<3+m+3n),2+m,1+3n,1+g<5+m+3n),Tan[; (c+dx” ,

)|/

(1+m+3n), m,

—Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]

N |

[<1+m+3n) (1+Tan[% (c+dx)]2) {(3+m+3n) AppellF1]
1
2

1+3n, 1 (3+m+3n), Tan| (c+dx)]2, —Tan{1 (c+dx)]2] -
2 2
1 1 1 2
2 ((1+3n)AppellF1[£ <3+m+3n), m, 2+3n, g <5+m+3n), Tan[; (c+dx)} ,

1 2 1 1
—Tan[f (c+dx)] ]—mAppellFl[; (3+m+3n), 1+m, 1+3n, g (5+m+3n),
2
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2 2 2

Tan [ (cax)J%, -Tan [ (e ax] ) Tan[l(“dxﬂz]z]]]

Problem 575: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+b$in[c+dx]”)2Tan[c+dx}'“d1x

Optimal (type 5, 215leaves, 8steps):

a? Hypergeometric2Fi[1, 1?”', 3;—'", ~Tan[c+dx]2] Tan[c +dx] 1™ 1
.

d(1+m) d(1+m+n>

1+m
2

+m

s 1 (1+m+n), 1 (3+m+n), Sin[c+dx]?]

1
Hypergeometric2Fi |
2 2 2

2ab (Cosf[c+dx]?)

1
Sin[c+dx]"Tan[c+dx]¥"y ——————
d (1+m+2n)

+m

1+m
2

s 1 (1+m+2n), 1 (3+m+2n), sin[c+dx]?]

1
Hypergeometric2Fi |
2 2 2

b® (Cos[c+dx]?)
Sin[c+dx]2"Tan[c +dx]¥™

Result (type 6, 8343 leaves):

Tan[% (c+dx)]

21”"Tan[l (c+dx)]
2

—1+Tan[§ (c+dx)]2

{[az (3+m) AppellFl[lerim, m, 1, M, Tan[% <c+dx)]2, —Tan{% (c+dx)]2]]/

,m, 1, 3;m, Tan[% (c+dx>]2, —Tan[% (c+dx)]2] -

[(1+m) ((3+m) AppellFl[1+

,m, 2, S%m’ Tan[% (c+dx”2, —Tan[% (c+dx)]2} -

3+m
2 (AppellFl[

+m

mAppellFl{B%m, 1+m, 1, > s Tan[% (c+dx)]2, —Tan{% (c+dx)]2]]

Tan{l (c+dx”2)) + {21*“ab (3+m+n)AppellF1[l (L+m+n), my 14n,
2 2
n
| )/

((1+m+n) ((3+m+n)AppellF1[1 (1+m+n), m, 1+n, 1 (3+m+n), Tan[1 <c+dx)]2,
2 2 2

Tan[i (c+dx)]

%(3+m+n), Tan[% (C+dXH2: 7Tan[§ <C*dx>]2}

1+Tan[§ (c+dx)]

7Tan[1 (c+dx)]2] -2 (1+n>Appe11F1[1 (3+m+n), m, 2+n, 1 (5+m+n),
2 2 2
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Tan{l (c+dxH2, —Tan[l (c+dxH2} —mAppellFl[l (3+m+n), 1+m, 1+
2 2 2

n, 1 (5+m+n), Tan[1 (c+dx”2, —Tan[1 (c+dx)]2}] Tan{l (c+dx”2]) +
2 2 2 2

4"b? (3+m+2n) AppellF1|

N |

(L+m+2n), m, 1+2n, % (3+m+2n),

Tan[% (c+dx)]

Tan{i (c+dx”2, —Tan[i (c+dx)]z}

U

1+Tan[§ (c+dx”2

((1+m+2n)

3+m+2n) AppellF1l 1 1+m+2n),m,1+2n
( ) App [= | ), m, ,

2
1(3+m+2n),Tan[1(c+dx)]2, 7Tan[l(c+dx”2]f
2 2 2

2|(1+2n) AppellF1|— (3+m+2n), my, 2 (1+n), — (5+m+2n), Tan
1 1
2 2

1 2 1
—Tan[g (c+dx)] }—mAppellFl[; (3+m+2n), 14m, 1+2n,

{% (c-dx)]%
1
2

(5+m+2n), Tan[i (c+dx>]2, —Tan[i (c+dx)]2] Tan[% (c+dx”2])]

(a®Tan[c+dx]"+2abSin[c+dx]"Tan[c+dx]™+b>Sin[c+dx]*"

/

[d [1+Tan[l (c+dx”2

2

Tan[c+dx]")

1

] {_ (1+Tan[i (c+dx”2)2

an[t (c+dx n
21*’"Sec[§(c+dx)]2Tan[%(c+dx”2 ! [2< )]

—1+Tan[% (c+dx”2

) 1+m 3+m
[(a (3+m) AppellFl{T, m, 1, e

, Tan{% (c+dx)]2, —Tan[i (c+dx)}2})/

1+m

(3+m) AppellF1| ,m,
2

[(1+m)

3+m
1, —, Tan|
2

N |

(c+dx)]2,

—Tan[l (c+dxH2} -2 Appe11F1[3+—m, m, 2, 5+_m’ Tan[l (c+dxH2,
2 2 2

1 2 3+m 5+m

~Tan| = (c+dx) | ] -mAppellF1[~—, 1+m, 1, —,
2 2 2

Tan[1 (c+dx”2, —Tan[l (c+dx)]2] Tan[1 (c+dx”2]) +
2 2 2

2""ab (3+m+n) AppellF1|

N |

(1+m+n), m, 1+n, 1 (3+m+n), Tan[1 (c+dx”2,
2 2
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_Tan[%(c+dx)]2] Tan[;(C+dXH

nJ/ (<1+m+n) ((3+m+n)AppellF1[

1+Tan[% (c+dx)]2

=

N (1+m+n), my 1+n, % (3+m+n),Tan{% (c+dx)]2, —Tan[% (c+dx”2] -
1 1 1 2

2 [(1+n)AppellF1[; (3+m+n), m, 2+n, ; (5+m+n), Tan[; (c+dx)] ,

1 2 1 1

= (c+dx)] ]—mAppellFl[g (3+m+n), 1+m, 1+n, N (5+m+n),

<c+dx)]2]] Tan| (c+dx”2]) +

(c+dx”2, -Tan|

N |
N |

4" p2 (3+m+2n)AppellF1[1 (1+m+2n), m, 1+2n, 1 (3+m+2n),
2 2

U

1 1
+m+2n +m+2n) Appe — +m+2n),my,1+2n, — +m+2n),
{(1 2 )((3 2n) A 11F1[2 (1 2n) 1+2 A (3 2n)

2 2 an[ (c+dx
Tan[%(c+dx)] ,—Tan[%(Cerx)]] T [ ( H

2

1+Tan| <c+dx)]

1
2

Tan[l (c+dx)]2, —Tan[l (c+dxH2

1
-2 1+2 A 11F1|— (3 2 ,
A 5 ] [( +2n) Appe [2 (3+m+2n)

m,2<1+n),%(5+m+2n),Tan[%(c+dx)]2, —Tan{%(c+dx”2]—
mAppellFl[%(3+m+2n),1+m,1+2n,%(5+m+2n),
Tan[;(c+dx”2,Tan[i<c+dx)]2]]Tan[;(c+dx”2])]+
11 22"'Sec[l(c+dx)]2 ) Tan{%£c+dx” 2 m
1+Tan[;(c+dx)] 2 —1+Tan[;(c+dx”

M, Tan[l (c+dx)]2, ~Tan|
2

N |

(c+dx)]2]]/

(3+m) AppellFl[lJr—m, m, 1, M, Tan[1 (c+dx”2, —Tan[l <c+dx)]2] -
2 2 2 2

{(az (3+m) AppellFl[lJr—m, m, 1,
2

(<1+m)

2 (AppellFl[M, m, 2, 5+_m) Tan[l (c+dx”2, —Tan[1 (c+dx>]2} -
2 2 2
mAppellFl[m, 1+m, 1, M, Tan[l (c+dx”2, —Tan[l (c+dx)]2]
2 2 2 2

Tan{l (c+dx)]2)J +

2

21" ap (3+m+n)AppellF1[l (1+m+n), my 14n,
2
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S S

N |

1%

1+Tan[% (c+dx) ]

—

(<1+m+n) ((3+m+n) AppellF1 1 (L+m+n), m, 14n, 1 (3+m+n),
2 2

Tan[% (c+dx)]2, ~Tan| (c+dx)]2] -

N |

1 1 1 2
2 ((1+n) AppellFl[g (3+m+n), m, 2+n, N (5+m+n), Tan[; (c+dx” ,
1 2 1 1
~Tan| = (c+dx” }—mAppellFl[E (3+m+n), 1+m, 1+n, N (5+m+n),
2

Tan[% (c+dx)]2, —Tan[i (c+dx”2}) Tan[% (c+dx)]2)) +

4"b% (3+m+2n) AppellFl[1 (1+m+2n), m, 1+2n, 1 (3+m+2n),
2 2

U

1 1
+m+2n +m+2n) Appe — +m+2n),m,1+2n, — +m+2n),
((1 2 )((3 2n) A 11F1[2 (1 2n) 1+2 A (3 2n)

Tan[i <c+dx)]

Tan| (c+dx)}2, ~Tan| (c+dx”2}

N |
N | =

2

1+Tan[§ (c+dx”

Tan[% (c+dx)]2, —Tan[% (c+dx)]2] -2 ((1+2n)AppellF1{§ (3+m+2n),

m, 2 (1+n), % (5+m+2n), Tan[% (c+dx”2, —Tan[% (c+dx)]2} -

1 1
m Appe — +m+2n),1+m, 1+2n, — +m+2n),
A 11F1[2 (3 2n), 1 1r2n, (5 2n)

Tan[% (c+dx)]’, *Ta"[i (C“jXHz” Tan[> <c+dx)]2))] '

! Zl*mmTan[f(Cerx} - Tan[i(CerXH -
1+Tan[§(c+dx)] 2 —1+Tan[i(c+dx”
Sec[i(c+dx)]2Tan[i(c+dxH 7 Sec[i(c+dx)] J
(—1+Tan[§(c+dx)]2)2 2(*1+Ta”[i(c+dxﬂ)
(az (3+m) AppellFl[lJrTm, m, 1, B%m, Tan[%(c+dx)]2,7Tan[§(c+dx)]2]]/
(<1+m) (3+m)AppellF1[1+m,m, B Zm,Tan[i(c+dx”2,—Tan[;<c+dx)] | -
Z(AppellFl[B;m, m, 2, S;—m, Tan[%(c+dx”2,7Tan[§(c+dx”2}f

3+m 5+
mAppellFl[~——, 1+m, 1, —
2
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—Tan[% (c+dx”2}) Tan{% (c+dx)]2)] +

{21*”ab (3+m+n)AppellF1[1 (1+m+n), my 14+n, 1 (3+m+n),
2 2

Tan[i <c+dx)]
Tan[

(c+dx”2, ~Tan| (c+dx”2}

N |
N | =

2

n]
(1+m+n),m,1+n,§(3+m+n),

1+Tan[§ (C+dXH

(<1+m+n) ((3+m+n) AppellF1|

N |-

Tan[% (c+dx)]2, —Tan[% (c+dx)]2] _

1 1 1 2
2 ((1+n) AppellF1[= (3+m+n), m, 2+n, = (S5+m+n), Tan[ = (c+dx) ]|,
2 2 2

1 2 1 1
~Tan[ = (c+dx) | }—mAppellFl[; (3+m+n), 1+m, 1+n, ; (5+m+n),
2

Tan[% (c+dx)]2, —Tan[% (c+dx”2}) Tan[% (c+dx)]2)J +

4"b® (3+m+2n) AppellF1|

N |

(L+m+2n), m, 1+2n, 1 (3+m+2n),
2

I

1 1
+m+2n +m+2n) Appe — +m+2n),m, 1+2n, — +m+2n),
((1 2 )((3 2n) AppellF1] = (1 2n) 1+2 (3 2n)
2 2

Tan{%(C+dXHZJ—Tan[§(c+dxHZ} Tan[;<c+dx)]

2

1+Tan[% (c+dx) ]

1

Tan| (c+dx)]2, —Tan[g (c+dx)]2] -2 ((1+2n)AppellF1[§ (3+m+2n),

N | R

m, 2 (1+n), % (5+m+2n), Tan[% (c+dx”2, —Tan[% (c+dx)]2} -

1 1
m Appe — +m+2n),1+m,1+2n, — +m+2nj),
A 11F1[2 (3 2n), 1 1+2n, = (5 2n)

2 2

ron( e ) |7, Tan( (e 4] 7] | Tanf <C+dX”2)J] +

Tan[Y (c+dx "
1 Zl*mTan[l(CerxH - [2( ”
1+Tan[§(c+dx)]2 2 71+Tan[i(c+dx)]2
[az (3+m) |- ! (1+m)AppellF1[1+1+m,m, 2,1+3+m,Tan[l(c+dx)]2,
3+m 2 2 2

7Tan[§ (c+dx”2} Sec[% (c+dxH2Tan[§ (c+dx)]+ -

m 3+
,1+m, 1, 1+

1+
m(1+m) AppellF1[1 + A

m, Tan[1 (c+dx)]2,
2
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—Tan[l(c+dx)]2]5ec[l(c+dx)]2Tan[l(c+dx”))/
2 2 2
(<1+m) (3+m)AppellF1[1+m,m,1,3+m,Tan[—(c+dxH2, —Tan[l<c+dx)]2]—
2 2 2 2
2(Appe11F1[3%m, m, ,SJ;—m,Tan[g(c+dxH2,—Tan[%(c+dxH2}—
3+m 5+m 1 2
mAppellF1[~——, 1+m, 1, ——, Tan[ = (c+dx) ]|,
2 2 2
1

~Tan|~ (c+dx”2} Tan[1 (c+dx)]2)] +

2 2

{21*”ab(3+m+n) [— = (1+n) (1+m+n>AppellF1[1+E(1+m+n),m,2+n,
3+m+n 2

1
1+ —

A (3+m+n), Tan[; (c+dx)]2, —Tan[% (c+dx ]2] Sec[% (c+dx)]2
1 1 1

Tan[f(c+dx)]+ m(1+m+n)AppellF1[1+f(1+m+n),

2 3+m+n 2

1+m,1+n, 1+ = (3+m+n), Tan[1 (c+dx”2, —Tan[1 <c+dx)]2}
2

: : )

Sec[l(c+dx)}2Tan[l(c+dx> { Tan{i(c“j)()]
(<1+m+n) ((3+m+n) AppellFl[i (T+m+n), m 1+n, 1 (3+m+n),

2 2

1+Tan[§ (c+dx”2

Tan[l(c+dx)]2,7Tan[1(c+dx)]2]f
2 2
1 1 1 2
2((1+n)Appe11F1[;(3+m+n),m,2+n,;(5+m+n),Tan[;(c+dxH ,
2 1 1
—Tan[; (c+dx)] }—mAppellFl[;<3+m+n),1+m,1+n, E(5+m+n),
Tan[l(c+dx)]2,—Tan[l(c+dx”2} Tan[l(c+dx)]2)]+
2 2 2

4"b? (3+m+2n) |-

1
—————(1+2n) (1+m+2n) AppellF1[1+ = (1+m+2n),
3+m+2n 2

m,2+2n, 1+l (3+m+2n), Tan[l (c+dx)]2,
2 2
—Tan[f (c+dx”2} Sec[1 (c+dx”2Tan[1 (c+dx)] +
2 2 2
1
m(1+m+2n)AppellF1[1+ = (1+m+2n), 1+m, 1+2n,
3+m+2n 2
1+=(3+m+2n), Tan[l (c+dx”2, —Tan[1 (c+dx)]2}
2 2 2
[ Tan[% (c+dx) ]

1+Tan[§ (c+dx”2

Sec[% (c+dxH2Tan[§ (c+dx)

U
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1
(<1+m+2n) (<3+m+2n)AppellF1[; (1+m+2n),m, 1+2n,

N |

<3+m+2n),

Tan[l(c+dx)]2,—Tan{ (3+m+2n),
2

N |

(c+dx)]2] -2 ((1+2n)Appe11F1[

N |

m, 2 (1+n), i (5+m+2n), Tan[% (c+dx”2, —Tan[% (c+dx)]2} -

1 1
mAppellF1[ — (3+m+2n), 14m, 1+2n, — (5+m+2n),
2 2
Tan[ > (c+dx)]’, ~Tan|* (c+dx>ﬁ) Tan|* (c+dx)]2JJ :
2 2 2

{21*“abn (3+m+n) AppellFl[1 (1+m+n), m,1+n, 1 (3+m+n),
2 2

-1+n

Tan[i (c+dx)]

Tan[% (c+dx”2, 7Tan[§ (c+dx”2}

1+Tan[§ (c+dx”2

2

Sec[i(c+dx”2Tan[i(c+dxH2 Sec[i(c+dx)]
})N/

(1+Tan{%(c+dx”2)2 2(1+Tan[§(c+dx> 2

(<1+m+n) ((3+m+n) AppellFl[l (L+m+n), m, 14n, 1 (3+m+n),
2 2
Tan[l (c+dx)]2, —Tan{1 (c+dx)]2] -
2 2

1 1 1 2
2 ((1+n) AppellFl[; (3+m+n), m, 2+n, N (5+m+n), Tan[; (c+dx” ,

1 2 1
~Tan| = (c+dx” }—mAppellFl[g (3+m+n), 1+m, 14n, = (5+m+n),
2

N |

Tan[% (c+dx)]2, —Tan[% (c+dx”2}) Tan[% (c+dx)]2)) n

{Zl*znbzn (3+m+2n) AppellFl[1 (1+m+2n), m, 1+2n, 1 (3+m+2n),
2

2
1 . 1 JPeE: Tan[§<c+dx)] “he2n
Tan[z(UdXHPT [2( 1) LeTan[} (crdx)]®
7Sec[§(c+dx”2Tan[i(c+dxH2+ Sec[i(c+dx)]2 ]J/
(1+Tan{%(c+dx”2)2 2(1+Tan[§(c+dx”2)

1 1
+m+2n +m+2n) Appe — +m+2n),m,1+2n, — +m+2n),
((1 2 )[(3 2n) A 11F1[2 (1 2n) 1+2 A (3 2n)

Tan[% (c+dx)]2, -Tan|

N |

(c+dx)]2] -2 ((1+2n)AppellF1[

N |

<3+m+2n),

(5+m+2n), Tan[l (c+dx”2, —Tan[l (c+dx)]2} -

m, 2 (1+n), A A

N |
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1 1
mAppellF1[ = (3+m+2n), 1+m, 1+2n, = (5+m+2n),
2

2
Tan[l(c+dx)]2,—Tan[l(c+dx”2} Tan[l(c+dx)]2)]—
2 2 2
[az <3+m> AppellFl[]';m, m, 1, 3+7m, Tan[1 (c+dx)]2, —Tan[l (c+dx”2]
2 2 2 2
3+m 5+m 1 2 1 2
-2 |A 11FA| ———, my 2, —, T — d , =T — d -
( ppe [ " m A an[z(c+ XH an[z(c+ x)]}
mAppellF1[73+m,1+m, 1, 75+m,Tan[1(c+dx”2,—Tan[l(c+dx)]2]]
2 2 2
Sec[l(c+dx”2Tan[1(c+dx>]+(3+m) —i(1+m)AppellF1[1+1+m,
2 2 3+m 2
m, 2,1+3+m,Tan[1(c+dxH2,—Tan[l<c+dx)]2]5ec[1(c+dx)]2
2 2 2

1 1+m 3+m
Tan[ = (c+dx)] + m (1+m) AppellF1[1 + > 1em, 1, 1+
2 3+m 2 2

Tan[% (c+dx)]2, —Tan[i (c+dx)}2} Sec[% (c+dx)}2Tan[§ (c+dx)]|-

Bl

1 2 1 3+m 5+m
2Tan[ = (c+dx) | |- 2 (3+m) AppellF1[1+ ,m, 3,1+
2 5+m 2 2

Tan[% (c+dx”2, —Tan[% <c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]+

)

+m

3
m(3+m) AppellF1|[1 +
5+m 2

5+m 1 2
,1+m, 2,1+ ,Tan[;(c+dx>],
2

~Tan| (c+dx”2} Sec[i (c+dx”2Tan[% <c+dx)] _

N |

1 3+m
m |- (3+m) AppellF1[1+

5+m 1 2
,1+m, 2, 1+ » Tan[ = (c+dx) ],
5+m 2

2 2
—Tan[% (c+dx”2} Sec[% (c+dx”2Tan[§ (c+dx)]+

3+m 5+m 1 2
(1+m) (3+m) AppellF1[1+ A ,2+m, 1,1+ ,Tan[;(c+dx” s

)/

7Tan[§ (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]

1+m 3+m 1 2
(3+m) AppellF1[ =, m, 1, ——, Tan| = (c+dx) ],
2 2 2

[<1+m)

1 2 3+m 5+m 1 2
~Tan[ = d -2 |AppellF1|——, m, 2, —, Tan| — d s
an[z(c+ x”} ppe [ A m A an[z(c+ x”

1 2 3+m 5+m
~Tan[ = (c+dx) | }—mAppellFl[?,1+m, 1, -
2

Tan[1

N (c+dx”2, -Tan| <c+dx)]2] Tan|

N |
N |

feax) )|

{21*”ab (3+m+n)Appe11F1{l (1+m+n), my 1+n, 1 (3+m+n),
2 2
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Tan{i(C+dXH2J —Tan[l(c+dx”2} Tan[;<c+dx)]

2

1+Tan[% (c+dxH2

1 1 1 2
(—2 ((1+n) AppellFl[E (3+m+n), my2+n, = (5+m+n), Tan| = (c+dx)]",
2 1 1
—Tan[; (c+dx)] }—mAppellFl[; (3+m+n), 1+m, 1+n, = (5+m+n),

Tan[% (c+dx)]2, —Tan[l (c+dx)}2}

2
1 1
(3+m+n) [— 1+n) (1+m+n)AppellF1[1+f (L+m+n), m, 2+n,
3+m+n 2

Sec[% (c+dx)]2Tan[§ (c+dx)]+

1+£ (3+m+n),Tan[% (c+dx)]2, 7Tan[§ (c+dx)}2} Sec[1 (C+dXH2

Tan[l(c+dx)]+ m<1+m+n)Appell|:1[1+1(1+m+n>1
2 3+m+n 2

1+m,1+n, 1+ = (3+m+n), Tan[l (c+dx)]2, —Tan[l (c+dx)}2]
2

2 2
Sec[% (c+dx>]2Tan[ (c+dx) ] —2Tan{l (c+dxH2

2
(e [~

1
2+n) (3+m+n) AppellF1[1+ = (3+m+n), m,
5+m+n 2

N |

3+n,1+—= (5+m=+n), Tan[1 (c+dx)]2, —Tan[1 (c+dx)]2]
2 2 2

Sec[ (c+dx”2Tan[§ <c+dx)] +

=
N |

m (3 +m+n) AppellF1|
5+m+n

1 1 2
1+=(3+m+n),1+m, 2+n, 1+ = (5+m+n), Tan[ = (c+dx) ],

2 2 2

—Tan[—(c+dx)]2]5ec[l(c+dx)]2Tan[£(c+dx” -

2 2 2

1 1

1+n) (3+m+n) AppellF1[1+ = (3+m+n), 1+m,

5+m+n 2

1 2
2+n,1+— (5+m+n), Tan| = (c+dx) |, -Tan|
2 2

m —

| =

(c+dx)]2]

Sec[% (c+dx”2Tan[§(

=
+
=
—_— N

(3+m+n) AppellF1|

1
1+ — (3+m+n),2+m,1+n,1+
2

<c+dx)]2,

1%

—Tan[g (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]

[<1+m+n) ((3+m+n) AppellF1[ = (1+m+n), m, 1+n, 1 (3+m+n),

2

N R NP

Tan{% (c+dx)]2, -Tan]|

(c+dxH2} -

1
2 [(1+n) AppellFl[; (3+m+n), m, 2+n,

N |

(5+m+n), Tan[1 <c+dx)]2,
2
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1 2 1 1
—Tan[; (c+dx)] ]—mAppellFl[; (3+m+n), 1+m, 1+n, " (5+m+n),

ran[ > (cvax] %, -Tan[ > (- dx) || an[ (c+dx”2]2] ;

{l(1+m+2n>,m,1+2n, l(3+m+2n),
2

4"b% (3+m+2n) AppellF1
2

Tmﬂ%(C+dx)fJ_Tm4§(c+dXHz} Tmﬂ;(C+dXH

1+Tan[% (c+dxH2

(—2[(1+2n)Nmer1[l(3+m+2n),m,2(1+n% (5+m+2n),
2

N |

Tan[% (c+dx)]2, ~Tan|

N |

(c+dx”2} —mAppellFl[l (3+m+2n),
2
1+m,1+2n, 1 (5+m+2n), Tan[1 (c+dx)]2, 7Tan[1 (c+dx)]2]]
2 2 2

1 2 1 1
S — d T — d 3 2 - —(1+2
ec[z(c+ XH an[z(c+ x>]+( +m+2n) 3+m+2n< +2n)

(1+m+2n)MmﬂlH{1+1<1+m+2ﬂ,m,2+2n,1+1(3+m+2n%
2 2

Tan[% (c+dxH2, —Tan[% <c+dx)]2] Sec|

N |

(c+dx)]2Tan[§ (c+dx)]+

1
m(1+m+2n)Mmd1H{1+;(1+m+2w,1+m,1+2m

3+m+2n
1+§ (3+m+2n), Tan[% <c+dx)]2, —Tan[% (c+dx)]2]
Sec[% (c+dx>]2Tan[§ (c+dx)] —2Tan[§ (c+dx”2

1

“1+2n)(—

1+2 (1+n), 1+l (5+m+2n), Tan[1 (c+dx)]2, —Tan[l (c+dx)]2]
2 2 2

1
————2(1+n) (3+m+2n) AppellF1[1+ = (3+m+2n), m,
5+m+2n 2

Sec[l (C+d>(H2'r;,\n[l (c+dx)] +¥m(3+m+2n)AppellF1[
2 2 5+m+2n

1+1 (3+m+2n), 14+m, 2 (1+n), 1+1 (5+m+2n), Tan[1 (CerxHZJ
2 2 2

7Tan[1 (c+dx)]2] Sec[1 (c+dx)]2Tan[1 (c+dx” -
2 2 2
1
m|- (1+2n>(3+m+2n)AmmlH1[1+—(3+m+2n),1+m,2+2m
5+m+2n 2

1 1 2 1 2 1
1 — (5 2 )T - d ;*T - d S -
+2( +m+2n) an[z(c+ x)] an[z(c+ x)]] ec[z(c+

dxHZTan[l (c+dx)] +#(1+m) (3+m+2n) AppellF1|
2 5+m+2n

1 1 1 2
1+~ (3+m+2n),2+m,1+2n,1+£<5+m+2n),Tan[; (c+dx” ,
2
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-Tan| <c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx”

)}/

1 1
+Mm+2n +Mm+2n ppe - +m+2n), m, 1+2n, — +m+2n),
[(1 2 )[(3 2n) A 11F1[2 (1 2n) 1+2 A (3 2n)

N |

Tan[l (c+dx)]2, —Tan[1 (c+dx”2} -2 |(1+2n) AppellFl[l (3+m+2n),
2 2 2

m, 2 (1+n), % (5+m+2n),Tan[§ (c+dx)]2, —Tan[i (c+dx”2] -

(5+m+2n),

o]

Problem 576: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
mAppellF1[ = (3+m+2n), 1+m, 1+2n,
2

N |

Tan| (c+dx”2,—Tan[ (c+dx)]2] Tan|

N |

N |
N |

J(a+bsin[c+dx]”) Tan[c +dx]™dx

Optimal (type 5, 124 leaves, 6 steps):

aHypergeometric2F1|[1, 1?’", 3?"', ~Tan[c+dx]2] Tan[c+dx]1m

1 1em
+ b (Cos[c+dx]?) =
d<1+m) d(1+m+n)
. 1+m 1 1 . 27 s 1
Hypergeometric2F1 | » — (L+msn), N (3+m+n), sinfc+dx]?| Sin[c+dx]"Tan[c+dx]*™"
2 2

Result (type 6, 5184 leaves):

Tan[i (c+dx”

25" Tan| (c+dx)]

N |

71+Tan[i (C+dx)]2

+m

1+m 3 1 2
a (3+m) AppellFl[iJ m,1, —, Tan[f (C +dX>} > —Tan[
2 2

<c+dx)]2]]/

N |

[(1+m) ((3+m) AppellFl[ﬂ, m, 1, M, Tan[1 (c+dx)]2, —Tan[l (c+dx)]2] -
2 2 2
2 [AppellFl[M, m, 2, Sﬂ, Tan[l (c+dx”2, —Tan[l (c+dx)]2} -
2 2 2

mAppe11F1[3%m, 1+m, 1, M, Tan[i (c+dx)]2, —Tan[% (c+dx)]2]

Tan[

N |
N |

(c+dx”2)J + {Z”b (3+m+n)AppellF1[ (1+m+n), m, 1+n,



136 | Mathematica 11.3 Integration Test Results for 4.1.7 (d trig)”~m (a+b (c sin)”~n)~p.nb

Tan[% (c+dx)]

N |

(3+m+n), Tan[% (c+dx”2, —Tan[% (c+dx)]2}

2

)

((1+m+n) (<3+m+n)AppellF1[l (1+m+n), my 1+n, 1 (3+m+n), Tan[l (c+dx)]2,
2 2 2

1+Tan[% (c+dx) ]

—Tan{% (c+dx”2] -2 | (1+n) AppellFi]

N |

1
(3+m+n), my24n, = (5+m+n),
2

Tan{l (c+dx)]2, —Tan[l (c+dxH2} —mAppellFl[l (3+m+n), 1+m, 1+
2 2 2

n, % (5+m+n), Tan[% (c+dx”2, —Tan[i (c+dx)]2} Tan[% (c+dx”2]J]

(aTan[c+dx]™+bSin[c+dx]" Tan[c+dx]") / d
(1+
1 2
T — +d
an[2 (c x)}]
Tan|[Y (c+dx "
- = 21*mSec[l<c+dx)]2Tan[l(c+dx”2 - {2< H
(1+Tan[l(c+dx)}2)2 2 2 —1+Tan[l(c+dxH2
2 2

[(a (3+m) AppellFl[lerm, m, 1, 3%, Tan[i (c+dx)]2, —Tan[% (c+dx”2]]/

[(1+m)

(3+m) AppellFl{]';m, m, 1, 37, Tan[ = (c+dx) |
2 2

—Tan[1 (c+dx”2} -2 Appe11F1[3+7m, m, 2, M, Tan[1 (c+dxH2,
2 2 2 2

5+m
B

(c+dx”2]) +

1 2 3+m
~Tan| = (c+dx” }—mAppellFl[T, 1+m, 1,

2
Tan[% (c+dx”2, -Tan| <c+dx)]2]] Tan|

N |
N |

2"b (3+m+n) AppellF1|

N |

1+m+n), my,1+n, 1 3+m+n), Tan
2

N |-

(c+dx”2,

n

Tan[% (c+dx) ]

—Tan{% (c+dx)]2]

1+Tan[i<c+dx)]2 /(<1+’"+”) ((3+m+n)AppellF1[

1 (1+m+n), my 14n, 1 (3+m+n),Tan{l (c+dx)]2, —Tan[l (c+dx”2] -
2 2 2

2
1 1 1 2
2 (1+n)AppellF1[£ (3+m+n), m, 2+n, N (5+m+n), Tan[g <c+dx)] ,

1 2 1 1
~Tan[ = (c+dx) ] ]—mAppellFl[; (3+m+n), 1+m, 1+n, N (5+m+n),
2
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Tan[i (c+dx”2, —Tan[i (c+dx)]2]] Tan[i (c+dx”2])] +

Tan[L (c+dx "
= 2'"Sec[1(c+dx)]2 - [2( )]
1+Tan[§(c+dx)]2 2 —1+Tan[§(c+dx”2
{(a (3+m) AppellFl[lJr—m, m, 1, ﬂ, Tan[l(c+dx”2,—Tan[l(c+dx)]2}]/
2 2 2
(<1+m) (3+m)AppellF1[1+—m,m,1, M,Tan[l(c+dx”2,7Tan[1<c+dx)]2]f
2 2 2
Z[AppellFl[M, m, 2, 5+_m) Tan[l(c+dx”2,7Tan[l(c+dx>]2}f
2 2 2

mAppellFl[B;m, 1+m, 1, S;m, Tan[1 (c+dx”2, 7Tan[1 (c+dx)]2]]
2

2 2

Tan[E (c+dx)]2)J +

2"b (3+m+n) AppellFl[1 (1+m+n), m, 1+n,
2 2

1 <3+m+n), Tan[l (C+dxH2, —Tan[l (c+dx)]2} Tan[; (c+dx)]

2 2 2

1%

1+Tan[§ (c+dx)]

1 (1+m+n), m, 1+n, l(3+m+n>,

(<1+m+n)(<3+m+n)AppellF1[ A

N

Tan[i (c+dx>]2, —Tan[% (c+dx)]2] _

1 1 2
2 (<1+n) AppellF1]~ (3+m+n), my24n, = (5+m+n), Tan|— (c+dx” ,
2 2

N |

1 2 1 1
~Tan| = (c+dx) | }7mAppellF1[; (3+m+n), 1+m, 1+n, N (5+m+n),
2

Tan[% (c+dx)]2, —Tan[% (c+dx”2}) Tan[% (c+dx)]2)]] +

! Zl*mmTan[l(Cerx” - Tan[i(cmx” o
1+Tan[L (c+dx)]’ 2 ~1+Tan[? (c+dx)]”
sec[t(codx)]’Tan[2 (crdx)]* sec[? (crdx]]? J
(~1+Tan[ 2 (cdx)]?)’ 2(-1+Tan[2 (c+dx)]?

(a (3+m) AppellFl[lJr—m, m, 1, 3;"', Tan[l (c+dx”2, —Tan[l (c+dx)]2}]/
2 2 2 2

1+m 34m 1 2 1 2
—,m 1, —, Tan[= (c+d , -Tan[= (c+d -
m 5 an[z(c+ X>} an[2<c+ X)] ]

(<1+m)

2 (AppellFl[

(3+m) AppellF1|

ﬂ, m, 2, 5+_m) Tan[l (c+dx”2, —Tan[1 (c+dx>]2} -
2 2 2
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mAppellFl[B%m, 1+m, 1, Sﬂ, Tan[1 (c+dx”2, —Tan[l (c+dx)]2]]

2 2

Tan{% (c+dxH2)J +

2"b <3+m+n)AppellF1[l (1+m+n), m, 1+n,
2

Tan[i <c+dx)]

1 (3+m+n), Tan| (c+dx”2, ~Tan| (c+dx)]2}

2

N |
N |

1%

1+Tan[§ (C+dXH

(1+m+n),m,1+n, l(3+m+n>‘,

(<1+m+n)((3+m+n)AppellF1[ A

N |

Tan[% (c+dx)]2, —Tan[% (c+dx)]2] _

1 1 1 2
2 ((1+n) AppellF1[= (3+m+n), m, 2+n, = (5+m+n), Tan[ = (c+dx) ]|,
2 2 2

1 2 1 1
~Tan[ = (c+dx) | }—mAppellFl[g (3+m+n), 1+m, 1+n, ; (5+m+n),
2

Tan[% (c+dx)]2, —Tan[% (c+dx)}2}) Tan|

N |

(c+dx)]2)JJ ;

m

1

21*"'Tan[l (c+dx”
1+Tan[§(c+dx)]2 2

{[a (3+m)

{ Tan[i(c+dx”

71+Tan[i (c+dx)]2

1 1+m 3+m 1 2
- +m) Appe +—,m, 2, 1+ , Tan| — (c+dx ,
(1+m) AppellF1|1 2,1 Tan[ = (c+dx) |

3+m 2 2 2

7Tan[§ (c+dx”2} Sec[% (c+dxH2Tan[§ (c+dx)]+ Bim

1+m 3+m 1 2
m(1+m) AppellF1[1 + ,1+m, 1,1+ , Tan[= (c+dx) ],

2 2 2
—Tan[% (crdx)]’] Sec[% (c+dx)]2Tan[§ (c+dx>}))/
(<1+m) (3 +m) AppellF1[ =", m, 1, B%m, Tan[% (c+dx)]%, —Tan[i (c+dx)]’] -
2 (AppellFl[B%m, n, 2, ", Tan[% (c+dx”2, —Tan[% (c+dx)ﬁ -

3+m 5+m 1 2
mAppellFl[T, 1+m, 1, —, Tan[; (c+dx” ,

—Tan[i (c+dx”2} Tan[% (c+dx)]2)] +

1 1
; (1+n) <1+m+n)AppellF1[1+g(1+m+n),m,2+n,
+M+nNn

{an (3+m+n) -

1+§ (3+m+n), Tan[i (c+dx)]2: —Tan[% (c+dx)]2] Sec[% (c+dx)]2
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Tan[l(c+dx)]+ m(1+m+n>Appe]_]_F1{1+l<1+m+n)J
2 3+im+n 2

1+m,1+n, 1+1 (3+m+n), Tan[1 (c+dx”2, —Tan[1 (c+dx)]2}

: : : )

[ Tan[% (c+dx) ]
1
(L+msn), my14n, = (34m+n),
2

Sec[% (c+dxH2Tan[§ (c+dx) |

1+Tan[§ (c+dx”2

(<1+m+n) ((3+m+n) AppellF1|

N |

Tan[1 (c+dx)]2, —Tan[1 <c+dx)]2] -
2 2
1 1 1 2
2 ((1+n) AppellFl[g (3+m+n), m, 2+n, N (5+m+n), Tan[g (c+dx” ,

—Tan[

N |

2 1 1
(c+dx)]"] -mAppellF1[ = (3+m+n), 1+m, 1+n, = (5+m+n),
2 2

Tan[% (c+dx)]2, 7Tan[§ (c+dx”2}) Tan[% (c+dx)]2J] +

{Z”bn (3+m+n)Appe11F1[1 (1+m+n), my 1+n, 1 (3+m+n),
2 2

-1+n

Tan[i (c+dx)]

Tan[i (c+dx”2, —Tan[% (c+dx”2}

1+Tan[% (c+dx”2
Sec[i(c+dx”2Tan[§(c+dxH2 Sec[i(c+dx)]2

) (1+Tan{%(c+dx”2)2 +2(1+Tan[%(c+dx”2)”/

(<1+m+n) ((3+m+n) AppellFl[l (L+men), m, 14n, 1 (3+m+n),
2 2

Tan[% (c+dx)]2, —Tan[% (c+dx)]2] -

1 1 2
2 ((1+n) AppellFl[g (3+m+n), my2+n, = (5+m+n), Tan|— (c+dx)} ,

2

N |

—Tan[l (c+dx”2} —mAppellFl[l (3+m+n), 1+m, 14n,
2 2

N |

(5+m+n),

Tan[%(Cerx)]z, —Tan[%(c+dx”2} Tan[%(c+dx)]2JJ—
1+m) m, 1, B%m, Tan[% (c+dx)]2, 7Tan[§ (c+dx)]2]

[a (3+m) AppellF1|

(—2 (AppellFl[h—m, m, 2, 5;m’ Tan[l (c+dx”2, —Tan[1 (c+dx)]2} -
2 2 2

mAppellFl[B;m, 1+m, 1, S;m, Tan[1 (c+dx”2, —Tan[1 (c+dx)]2]
2 2 2 2

Sec[l (c+dxH2Tan[l(C+dX>]+<3+m> - <1+m>AppellF1[1+1+m,
2 2 3+m 2
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3+m
m, 2, 1+

s Tan[% (c+dx”2, —Tan[% <c+dx)]2] Sec[% (c+dx)]2

1 1+m 3+m
Tan|[ = (c+dx) ]| + m (1+m) AppellF1[1+ > 1em, 1, 14
2 3+m 2 2

Tan[% (c+dx)]2, —Tan[% (c+dx>}2} Sec[% (c+dx)}2Tan[§ (crdx)]|-

B

1 5+m

2 3+m
2Tan[ <c+dx)] 2(3+m)Appe11F1[1+—,m, 3, 1+

5+m 2

N |

)

2

Tan| (c+dx”2, —Tan[% <c+dx)]2] Sec[% <c+dx)]2Tan[§ (c+dx” +

N | =

3+m 5+m 1 2
m(3+m) AppellF1[1 + ,1l+m, 2,1+ » Tan[ = (c+dx) ],
5+m 2 2 2
—Tan[—(c+dx)}2}5ec[l(c+dxH2Tan[ (c+dx)]—

2 2

N |

+m

1 3
m|- (3+m) AppellF1[1 +
5+m 2

5+m 1 2
,1+m, 2,1+ ,Tan[;(c+dx>],
2

7Tan[§ (c+dx”2} Sec[% (c+dx)}2Tan[§ (c+dx)]+

5+m
+m

(1+m) (3+m) AppellF1[1 + 3 ,2+m, 1, 1+ 5+m1 Tan[1 (c+dx”2,

2 2 2

Tan| ) (e ax)] ) sec ) fevax)"Tanl - (evax] )] || /

2
1+m 3+m 1 2
(3+m) AppellFl[T, m, 1, - Tan[; (c+dx” B

(<1+m)

1 3 5 1
—Tan[; (c+dx”2} -2 AppellFl[%m, m, 2, ?m’ Tan[; (c+dx”2,
1 2 3+m 5+m
~Tan|~ (c+dx” | -mAppellFl[~——, 1+m, 1, —

)
2 2 2

(c+dx)]2]] Tan[% (c+dx)}2]2] -

Tan[% (c+dx”2, ~Tan|

N |

{Z”b (3+m+n)AppellF1[ (L+m+n), m, 1+n, 1 (3+m+n), Tan| <c+dx)]2,
2

N |
N |

n

Tan[% (c+dx)]

—Tan[% (c+dx)]2}

1+Tan[%(c+dx”2
1 1 1 2
(—2((1+n)Appe11F1[E(3+m+n),m,2+n, ;(5+m+n),Tan[; (c+dx)],
1 2 1 1
—Tan[; (c+dx)] }—mAppellFl[;<3+m+n),1+m,1+n, E(5+m+n),
1 2 1 2
Tan[;(c+dx)] , ~Tan| = (c+dx” ]

2
(3+m+n) [—

Sec[% (c+dx)]2Tan[§ (c+dx)]+
1

] (1+n) (1+m+n)AppellF1[1+%(1+m+n),m,2+n,
+m+n

1+§ <3+m+n),Tan[% (c+dX)]2, —Tan[i (c+dx)}2} Sec[% (c+dx”2
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Tan[l(c+dx)]+ m<1+m+n>Appe]_]_|:1[1+l<1+m+n>’
2 3+m+n 2

<c+dx)]2, —Tan[% (c+dx”2]

(c+dx>]2Tan[§ (c+dx)] —2Tan[§ (CerxH2

1
1+m,1+n,1+= (34m+n), Tan|
2

N |

1
2
1 1
[(1+n) (— (2+n) (3+m+n) AppellF1[1+ = (3+m+n), m,
2

3+n,1+= (5+m+n), Tan[1 (c+dx)]2, —Tan[l (c+dx)]2]
2 2

Sec[1 (c+dx”2'ran[l (c+dx)]+ m (3 +m+n) AppellF1|
2 2 54+m+n
1+ — (3+m+n), 1+m,2+n, 1+ — (5+m+n),Tan{—

A A <c+dx)]2,

N

7Tan[§ (c+dx)]2] Sec[i (c+dx)]2Tan[§ (c+dx)]|-
1

1
m|- (1+n) (3+m+n) AppellF1[1+ — (3+m+n), 1+m,
5+m+n 2

2+n, 1+E (5+m+n), Tan[1 (c+dx)]2, —Tan[l (c+dx)]2]
2 2 2

Sec[1 (CerxHZTan[1 (c+dx)]+

(1+m) (3+m+n) AppellF1|
2 2 5+m+n

1 1 1 2
1+ — (3+m+n), 2+m,1+n,1+— (5+m+n), Tan[— <C+dx)] R

2 2 2

~Tan| (c+dx)]2] Sec[1

N |

(Cerx)]zTan[l (c+dx”))]

2

N

(<1+m+n) ((3+m+n) AppellF1| (L+m+n), m, 14n, 1 (3+m+n),

2

LN R

Tan[% (c+dx)]2, —Tan[; (c+dx”2} _

1 1 1 2
2 ((1+n)AppellF1[— (3+m+n), my2+n, = (5+m+n), Tan[ = (c+dx) ]|,
2 2 2

1 2 1 1
~Tan| = (c+dx) | ]—mAppellFl[; (3+m+n), 1+m, 1+n, ; (5+m+n),
2

1

Tan[% (c+dXH2; _Tan[z <C+dx)]2] Tan[i (C+dx”2]2]]]J

Problem 585: Unable to integrate problem.

JCot[c+dx}3 (a+bsSin[c+dx]")Pdx

Optimal (type 5, 136 leaves, 7 steps):
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. bSin[c+dx]"
Hypergeometric2F1[1, 1+p, 2+p, 1+ ——

_— b Si dx]m) P -
adn (1) . | (a+bSinfc+dx]")

| N

1 ) . 2-n bSin[c+dx]"
——Csc[c+dx]?Hypergeometric2fF1[- =, -p, - , - ]
2d

n a

X =

bSin[c+dx]"\P
it i ST B

(a+bsSin[c+dx]")P |1
a

Result (type 8, 25leaves):

JCot[c+dx}3 (a+bsin[c+dx]")Pdx

Problem 591: Result unnecessarily involves higher level functions.

a+bSin[e+fx]?
J dx
(gCos[e+fx])>?~/dsin[e+fx]

Optimal (type 4, 107 leaves, 7 steps):
2 (a+b)/dsinfe+Fx] (2a-b) EllipticF[e—iJr-Fx, 2| V/sin[2e+2fx]

N
3dfg (gCos[e+fx])>? 3fg2+/gCos[e+fx] /dSin[e+fx]

Result (type 5, 120 leaves):

[2 (—2 (2a-b) Cos[e +fx]?Hypergeometric2Fl|- , Cos[e+fx]?] +

/

)

5
4

(a+b+ (2a-b) Cos[e+fx]2) (Sin[e+fx]?)"*

11
4 4
]Tan[em‘x}

<3fg2\/gCos[e+fX} Vdsin[e+fx] (Si”[e*“mlm)

Problem 592: Result more than twice size of optimal antiderivative.

J(cCos[ewa])m (dsin[e+fx])" (a+bsSin[e+fx]*)Pdx

Optimal (type 6, 137 leaves, 3 steps):

1 1+n 1-m 3+n . , bsin[e+fx]?
7cAppellF1[ , , —P» , Sin[e+fx]%, - —————

C f -1+m
d-F(1+n) 2 2 2 Hc os (e~ x])

a
1-m 0 2\ -p
(Cos[e+-Fx]2)T (dSin[e+-Fx])1*" (a+bSin[e+-Fx]2)'° 1+M
a

Result (type 6, 279 leaves):
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1+n 1-m 3+n . , bsin[e+fx]?
a(3+n) AppellFl[T, , -P, , Sin[e+fx]%, - ————

2 2 a
1+n 1-m 3+n . , bsin[e+fx]?
a (3+n) AppellF1| s s Py » Sinfe+fx]%, -—————
2 2 2 a

]

(cCosfe+fx])" (dsin[e+fx])" (a+bSin[e+fx]?)" Tan[e + fx]

(f(1+n) B

3+n 1-m 5+n . , bsin[e+fx]?
2bpAppellFl[~——, —, 1-p, —, Sin[e+fx]?, -——————] -a (-1+m)
2 2

a

s N

3- 5+n . , bsin[e+fx]2 . 5
, Py —, Sinfe+fx]?, - ———— || Sin[e+ fx]
2 2 a

3+n
AppellFl[——,
2

Problem 593: Result more than twice size of optimal antiderivative.

j\/aJr (cCos[e+fx] +bSin[e+fx])? dx

Optimal (type 4, 79leaves, 3 steps):

b2 + c?

[EllipticE e+ fx+ArcTan(b, c], -
a

}\/a+ (cCos[e+fx] +bSin[e+fx])? J/

\/ (cCos[e+-Fx]+bSin[e+1‘:x])2
f [1+
a

Result (type 4, 325leaves):
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\/ (b2+c2)? +(b2-c?) Cos[2 (e+fx)]-2bcSin[2 (e+fx)]

V(o)™ 2./ (b2+c?)?

\/? 2a+b?+c?+ (b2+cz)2

- | |E1lipticE[ArcSin|
V(2a+b?+c?+ (-b?+ C?) Cos |2 (e+fx)] +2bcsSin|2 <e+-Fx)])

(2bccCos[2 (e+fx) |+ (b2-c?)sin[2 (e+fXx)]) /

(2a+b?+c?+ (-b>+c?) Cos[2 (e+fx) ] +2bcsin|2 (e+fx”>/

V2 [ (b?+c?)? f\/

2

23+b24+c2 (bz+cz>2]]\l (2bcCos|2 (e+fx)}<;2(+b(2:2_)§2> sin[2 (e+fx)])

Problem 594: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

dx

\/a+ (cCos[e+fx] +bSin[e+fx])?

Optimal (type 4, 79 leaves, 3 steps):

EllipticF e+ fx+ArcTan([b, c], -
a a

b2+c2}\/1 (cCos[e+fx] +bSin[e+fx])? /
+

(F\/a+ (cCos[e+fx] +bSin[e+fx])2)

Result (type 6, 529 leaves):
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bc b2+c2)? f

bZ CZ

2a+b2+c2+bCJ@Sin[2 (e+1‘x) +ArcTan[—7:2b+5H

p24c2)?2
2a+b2+c2-bc [l

b? c?

N R
N W

1 1
V2 AppellF1 [ 5 T
2 2

2a+b2+c2+bc %ﬁ sin[z (e+fx) +Ar'cTan[-;)zb+zzH

b24+c2)?2
2a+b?+c?+bc (o2t

bZ CZ

be | (B2t (71+Sin[2 (e+Fx) +Ar‘cTan[ﬂH)

b2 2 b2 2 2bc
Sec[2 (e+fx) +ArcTan| 1 1-
2bc 2, .2\2
2a+b?2+c?+bc ‘(bbz;iz)—

bc b2+c2)? (1+Sin[2 (e+fx)+ArcTan[%H)

b? c?

2
\ 2a+b2+c?-bc %L
C

(b2+cz>2 -b%+c?
Sin[2 (e+fx) +ArcTan[ ———
b2 c2 2bc

I

2a+b*+c?+bc
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Summary of Integration Test Results

594 integration problems

A - 439 optimal antiderivatives

B - 32 more than twice size of optimal antiderivatives
C - 37 unnecessarily complex antiderivatives

D - 84 unable tointegrate problems

E - 2integration timeouts



